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SUMMARY.
In pan A of this thesis, a procedure based on lifting line theory for the design of 
wind turbines operating in non-uniform, non-axial but axisymmetric flows is presented. This 
procedure was used for the design of conventional turbines which were compared with turbine 
designs produced by momentum theory. The overall trends of both theories were found to be 
similar, although the lifting line procedure was found to produce a more conservative estimate of 
the turbine performance. The above mentioned design procedure was also used for the turbine 
blade design of the wind power systems presented in parts B and C of the thesis.
Part B of the thesis deals with the development o f the delta wing-turbine system: 
The system was scaled-up using the results of a previously developed design model, and its 
dimensions were compared with those of equivalent conventional turbines. It was found that the 
system compares well with conventional turbines up to rated power values equal to 100 kW. Its 
advantages were found to be the lower turbine diameter required for a given power output and 
the opportunity it provides for direct connection of the turbines to generators. The cost of this 
advantage is the relatively large delta wing required.
A system prototype with power output in the order of 1 kW was designed for 
testing. The prototype turbine blades were designed taking into account Reynolds number effects. 
In order to overcome the detrimental Re effects, use of a low Re aerofoil (GOE 795), reduction of 
the turbine number of blades to 10, increase of the blade chord, linear blade chord distribution 
and variable optimum angle of attack were found to be necessary, leading to a reduction of the 
turbine power coefficient drop to 4.7% below that of the original high Re design.
The prototype off design performance was predicted and it was found that 
increase of the blade chord at the hub region (for strength) and linearisation of the blade optimum 
twist angle (for ease of manufacture) did not affect the turbine performance significantly.
The generator to be used with the prototype turbine was bench-tested. Its model 
parameters and power losses were identified. For matching the generator with the turbine, an 
appropriate load for the generator was found. The prototype long-term performance was also 
estimated using the turbine performance characteristics, the generator test results and the Weibull 
distribution of wind occurrence probability, It was found that the generator is not ideally suited 
for the prototype turbine and that a generator of larger ratings would be more suitable.
Finally, the effects of yaw on the delta wing vortices were investigated 
experimentally. This was done in order to determine the feasibility of using the delta wing yaw to 
regulate the system power output. It was found that the above mentioned regulation technique 
can be used, provided that undue blade vibrations due to turbine-vortex misalignment and vortex 
bursting will not occur.
In part C, a procedure for the design o f the counter-rotating turbine blades was 
developed. The above mentioned lifting line procedure as well as the existing knowledge of wind 
turbine wakes and counter-rotating rotor aerodynamics were used for the design of the counter­
rotating turbine blades and the semi-empirical modelling of the two rotors' interaction.
The optimum axial distance between the two rotors was found to be equal to 1.4 
times the rotors' radius. It was demonstrated that proper design of the turbine blades and 
appropriate axial positioning of the two rotors could increase the turbine performance by 27.4% 
above that of the original counter-rotating turbine design, called Trimble Mill.
It was also found that a considerable increase o f the generator effective rotational 
speed (equal to 58%) can be achieved by the counter-rotating turbine, compared to that o f a 
conventional turbine with the same number o f blades, while the two turbines' power output was 
found to be at the same levels.
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TERMINOLOGY.
Are« swept by the turbine blades.
Turbine number of blades.
Capacity factor. (See equation 5.2.8).
Drag coefficient. (See equation 2.1.4).
Lift coefficient (See equation 2.1.4). Also generator load capacitance.
Power coefficient. (See equation 2.3.2).
Torque coefficient (See equation 10.2.1).
c Chord o f turbine blade. Also length of the delta wing centreline and Weibull
scale parameter.
D Turbine diameter.
E Waisting factor. (See equation 3.2.1).
Ea Rms value o f the em f produced by the generator. (See equation 5.2.1).
0  Dimensionless bound circulation. (See equation 2.2.8).
Gm mth coefficient of the fourier expansion o f G. (See equation 2.2.10). 
hn* Axial Lerbs factor. (See equations 2.2.13 and 2.2.14). 
h** Tangential Lerbs factor. (See equations 2.2.13 and 2.2.14).
1 Rms value o f generator current
I,* nth coefficient of the fourier expansion o f i,. (See equation 2.2.11).
V  nth coefficient of the fourier expansion o f i,. (See equation 2.2.11).
i ,  Axial induction factor for the flow on the lifting lines. (See equation 2.2.7).
i .  Axial induction factor for the flow on the bisectors. (See equation 2.2.19).
i, Tangential induction Actor for the flow on the lifting lines. (See equation 2.2.7).
i,' Tangential induction factor for the flow on the bisectors. (See equation 2.2.19).
K , Slope o f the EA(to) line. (See equation 5.2.1).
Kg Parameter related to the helical vortex filament pitch. (See equation 2.2.1). 
k Weibull shape parameter. (See equation 5.2.4).
L  Lift per unit span. (See equation 2.1.4).
Ls Generator synchronous inductance.
P  Power. Also generator number of poles.
PR Rated electrical power.
P „  Average power. (See equation 5.2.6).
P , Electrical power.
Pi„ Input power.
PB Mechanical power.
Pmilc Miscellaneous power losses. (See equation 5.1.6).
Pom Output power.
Pnom Normalised average power. (See equation 5.2.7).
Q  Torque.
R Turbine radius.
Ra Armature resistance.
Rl  Load resistance.
Re Reynolds number.
Rfa Turbine hub radius.
r  Radial distance from the turbine axis o f rotation.
r0 Radius o f a helical vortex filament.
Delta wing span. 
Thrust per unit span.
U i Axial component o f the counter-rotating turbine front rotor incoming velocity. 
(See equation 10.1.9).
U |2 Axial component o f the counter-rotating turbine front to rear rotor interference 
velocity. (See equation 10.1.2).
U j Axial component of the counter-rotating turbine rear rotor incoming velocity.
(See equation 10.1.3).
U2i Axial component of the counter-rotating turbine rear to front rotor interference 
velocity. (See equation 10.1.8). 
u Axial component o f the incoming flow velocity.
U{ Axial induced velocity.
V Rms value of the generator terminal voltage.
Vim Cut-in wind speed.
V0  Cut-out wind speed.
VR Rated wind speed.
V 12 Tangential component of the counter-rotating turbine front to rear rotor 
interference velocity.(See equation 10.1.9).
V2 Tangential component of the counter-rotating turbine rear rotor incoming 
velocity. (See equation 10.1.3).
V_ Velocity of the undisturbed fluid,
v Tangential component of the incoming flow velocity.
V| Tangential induced velocity.
W Relative velocity o f the wind with respect to a blade clement.
Wj Radial induced velocity.
x Dimensionless radial distance from the turbine axis o f rotation. (» r/R).
xh Dimensionless hub radius. (= R^/R).
x0 Dimensionless radius of a hclicl vortex filament. (« tf/R).
z Axial distance between the counter-rotating turbine rotors.
a  Angle of attack.
otopi Optimum angle o f attack.
3 Twist angle.
^  Aerodynamic angle. (Sec equation 2.3.8).
PiO Pitch angle o f a helical vortex filament. (See equation 2.3.6).
T  Bound circulation. (See equation 2.1.S).
5 Yaw angle. Also load angle (used in chapter 5, equation 5.1.3).
£ Dimensionless dcistancc between the counter-rotating turbine rotors. (* z/R).
Generator efficiency.
H, Transmission efficiency.
6 Parameter related to a true helical surface. (See equation 2.2.3).
X  Tip speed ratio. (*  ilR/V_).
p Air density.
0 Variable used for facilitating the induced velocity calculation. See equation 2.2.9.
00 Same as above, for a helical vortex filament, 
y  Azimuthal angle.
Q.b> Rotational speed.
0)c Electrical rotational speed. (See equation 5.1.1).

CHAPTER 1. INTRODUCTION.
The beginning o f wind pow er application lies in ancient times as m ankind 
has been harnessing this power source since the early antiquity. The birthplace of 
windm ills is believed to  be the eastern part o f  the M editerranean basin and China [1]. In 
the seventeenth century BC, Hammurabi, king o f  Babylon, is thought to  have conceived 
a plan fo r irrigating the M essopotamia plain w ith the aid o f wind energy. The windmills 
used at that time were vertical axis machines, sim ilar to those whose ruins were found in 
the Iranian plateau. In Egypt, during the third century BC, Hero o f Alexandria in a study 
dealing with pneum atics designed a horizontal axis wind m achine which provided 
com pressed air to an organ [1], In ancient C hina, on ly  vertical axis windmills were used, 
w ith sails operating like swinging blades.
W indm ills first appeared in Europe during the M iddle Ages, in countries 
like Italy, Greece, France, Spain and Portugal. T hey  were later introduced in Germ any, 
Britain and Holland. T he machines used in Europe were horizontal axis ones, with 
(usually) four blades. T heir main use was to grind wheat (hence the name "windmill"), 
but they were also used fo r other purposes such as to  extract oil from nuts and grains, to 
saw  w ood, to convert o ld  rags into paper, to  prepare coloured powder for use in dyes and 
others [1]. The sophistication of windmill design increased as time went by. Innovative 
breakthroughs such as the fan tail that allow ed the rotor to turn itself towards the wind 
autom atically and shuttered sails with slats arranged to open and close according to the 
w ind strength providing self-regulation o f the m achine, improved windmill performance 
and eased the miller's jo b  [2], During the 19th century, another type o f windmill 
appeared in the USA: T he multibladed, slow  running one used for w ater pumping in
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farms know n as the"Am erican windmill". T his m achine was so popular in the USA that 
it becam e a regular feature o f  the rural landscape.
By the beginning o f the 20th century, the first m odern fast running wind 
turbines used for electricity production made their appearance. Small w ind turbines (with 
ro tor diam eters around 2 to 3 m) appeared first, such as Jacobs, W indcharger and 
Electro. They w ere driving DC generators for charging batteries and providing electricity 
to radio sets and o ther hom e appliances in p laces which were not connected to the grid 
[3]. D uring the 20's, 30's and early 40's, a great deal o f  research was carried out in many 
countries (such as France, Germ any, the USSR and the USA) for developing large scale 
wind turbines. The foundations o f  the m odern wind turbine lay on that work [4]. Wind 
turbine design and performance prediction theories were developed following the 
advances in propeller design and aircraft w ing analysis. Many design ideas and 
engineering breakthroughs were conceived during  that period. Some o f  them are: Rigid 
propeller-like blades for im proving aerodynam ic efficiency, coning o f the rotor blades 
for reducing stresses, pitch and yaw power regulation for more uniform operation under 
gusty conditions, inclination o f the axis o f rotation for reducing the bending moments 
exerted on the tow er. The outcom e o f the above mentioned research was the design and 
construction o f som e rem arkable wind turbines such as the 20m diam eter Darrieus 
turbine erected in France in 1929, the 30m diam eter Balaklava turbine (U SSR) erected in 
1931 with a rated output o f 130 kW  and the 53m diam eter Smith-Putnam turbine erected 
in the USA in 1941. Its rated power was 1.25 MW and until 1975 it was the biggest 
turbine ever built. It was operational until 1945, when a blade failed. The machine was 
then abandoned as its repair and operation w ere unprofitable due to the low price of 
petrol [4], The exam ple o f the Smith-Putnam m achine is typical o f  the fate o f all early 
wind turbines. W ind power was not considered to be cost-effective and reliable when
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com pared with other means o f  power generation (fossil fuel and nuclear power).
However during  the 70’s the wind power industry was reborn. The 
renew ed interest in wind energy had several reasons: The oil crisis which caused petrol 
prices to soar has urged the governments o f m any countries to look for alternative 
sources o f power. Also, as environm ental issues started to prevail, more consideration 
was given to pollution-free sources of energy. W ithin that context, w ind energy was seen 
as a clean energy source that could be implemented alongside the existing conventional 
sources as well as o ther renew ables (solar, wave power, OTEC etc). Its role would be to 
supplement the existing pow er sources (not to replace them) and thus assist in saving 
valuable fossil fuel and 'reduce harmful em issions o f  pollutants. W ind power could also 
provide electricity to remote areas where connection to the grid is d ifficult and as it does 
not necessarily involve the use o f advanced technology, it could be o f great value to 
developing countries. Since the early 70's, governments o f many countries have staned 
funding wind energy research projects and subsidised companies who produced wind 
turbines and utilities that used them, in order to stim ulate the market. A considerable 
num ber o f com panies included wind turbines in their range o f  products and new wind 
turbine m anufacturers appeared.
Research in w ind energy helped to  improve wind turbine design and 
construction. During the last twenty years, many advances in the field  o f wind energy 
have taken place. Better knowledge o f wind turbine aerodynamics, use o f  computers and 
new m anufacturing techniques have made possible the design o f more advanced turbines 
with near-optimum blade shapes. Lightweight m aterials such as plastics, composites and 
alum inium  alloys were used fo r the blade construction leading to lighter and cheaper 
blades. Specially designed aerofoils, suitable to operate w ithin the wind turbines' 
Reynolds number regime im proved the turbines' efficiency. C om puterised control and
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m onitoring o f  wind pow er plants enabled better overall perform ance to be obtained. 
Advances in power electronics made possible the use o f synchronous generators and 
variable rpm  operation o f turbines replacing induction generators (that have low er 
efficiency) used in the traditional constant rpm  mode. Variable rpm  operation has the 
advantage o f  enabling the turbine to operate at its design point fo r a  large range o f w ind 
speeds, although its cost-effectiveness is yet to  be proved. Finally, the more expensive 
"hard" steel tow ers were replaced by "soft" concrete ones, further reducing the turbines' 
cost. D uring the 70's and 80's, the state o f  the art wind turbine was a 3-bladed stall 
regulated one operating at constant rpm. Nowadays, 2-bladed, pitch controlled, variable 
rpm  ones tend to  dom inate. The turbines' rated electrical power has also moved from the 
kW  to the M W  range [5].
However, despite all the above m entioned im provements, wind power has 
not yet fu lfilled its potential. Only a very small amount of the worldw ide power dem and 
is provided by wind turbines. This is  due to  the fact that wind power is still m ore 
expensive than other conventional energy sources (such as coal and gas). As mentioned 
in  [6], although the price o f  wind turbines per kW  o f generated power has decreased 
from 1500 EC U /kW  in 1982 to 800 ECU /kW  in 1991 it cannot yet com pete 
econom ically w ith other pow er sources. Therefore, further research is necessary fo r 
im proving w ind turbines' economics. This could be achieved in tw o ways: One is to  
develop new  concepts o f  w ind pow er generation, the other being to  improve already 
existing designs.
T he w ork to  be presented in this thesis deals with both the above 
mentioned aspects. In  part A  o f the thesis, a procedure is developed for the design o f  
wind turbines to  operate in m odified axial flows, which contain swirl velocities and non- 
uniform  distributions. This procedure is used in part B o f  the thesis, for the development
o f  a  novel wind power machine. It is the delta wing-turbine system, that utilises a  slender 
delta wing as a wind augm entor for increasing the wind power available to  its  two 
turbines, thus improving their perform ance. Part C  o f the thesis is about im proving the 
blade design o f an already operating counter-rotating wind turbine, form erly called 
T rim ble mill. This w ind power system  has tw o coaxial, counter-rotating rotors, used for 
alleviating the need o f gearboxes. It is hoped that the work to  be presented  will 
contribute tow ards m aking wind power a viable option.
Output t fat» S
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CHAPTER 2. LIFTING LINE THEORY AND ITS APPLICATION TO 
WIND TURBINE DESIGN.
2.0. INTRODUCTION.
In this chapter, a procedure for designing w ind turbine blades is presented. 
This procedure is suitable for turbines operating in any  kind  o f non-uniform, non-axial 
but axi-sym m etric flow. It has been used for the design o f  the turbine blades o f  the delta 
wing-turbine system and also for designing the blades o f  the counter-rotating turbine 
rotors. W ith appropriate m odifications, this procedure can be used for predicting the 
performance o f a turbine, as will be explained in chapter 4.
2.1. PRINCIPLES OF THE DESIGN PROCEDURE.
The objective o f  a designer o f  a wind turb ine is to estim ate the optimum 
values o f  chord (c) and tw ist angle (|3) o f the turbine blades as functions o f  the radius (r) 
from the axis o f rotation (see figure 2.1). For this purpose , tw o major theories have been 
developed. They are described in the following paragraphs.
2.1.1. Mom entum  theory.
The m ost widely used method for designing  conventional wind turbines is 
based on momentum theory. This theory was founded by Betz [7] and G lauen  [8]. Here 
only a brief account o f this theory is given. A more deta iled  description o f the theory is 
given by Lysen [9], M ilne-Tomson 110) and Devries [11]. In momentum theory, the 
turbine is assum ed to operate at a constant rotational speed  (Q ). The incoming flow is
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assumed to be axial and uniform far upstream  o f the turbine disc, with velocity V„. 
Downstream o f the turbine and in its vicinity, the flow is not uniform  and due to the 
pressure increase ahead  o f  the turbine, the fluid velocity drops.
Tw o non-dim ensional induction factors are introduced to express the 
turbine interference: a  is the axial induction factor given from V = V „(l-a). a' is the 
tangential induction factor given from to =  Q ( l-a ') .  V and oo are the axial and rotational 
velocities (respectively) at an arbitrary point P  o f  the turbine disc. The values o f the local 
velocities at P  are not constant in time, but oscillate as the blades o f the rotating turbine 
approach and leave that point. The fluid becom es steady if  an "actuator disc" is assumed 
with an infinite num ber o f blades with infinitesimal chord, rather than a turbine with 
finite number o f blades. W ith this assum ption, the induction factors become independent 
o f time and o f the azim uthal position o f point P  on the rotor disc. They only depend on 
the radius r from the axis. For this reason, the fluid is divided into tubes (as shown in 
figure 2.2), each at a certain  radius r  on the ro to r disc and with infinitesimal thickness dr. 
Each tube contains fluid streamlines and the tube expansion close to the rotor disc is a 
result o f the air velocity reduction there. From the change o f the fluid momentum and 
angular momentum as it interacts with the turbine and applying the fluid mass 
conservation law, expressions for the thrust (dT), power (dP) and torque (dQ) exerted on 
the turbine can be obtained for each one o f  the tubes. These expressions are exact only in 
the case o f an "actuator disc", when steady flow  is a reality. For a turbine with a finite 
number o f blades, correction factors can be devised in order to improve the model 
accuracy. (More details about such correction factors will be given in chapter 3, where 
the lifting line and m om entum  theories are com pared).
From a criterion for m axim izing the turbine power, a relation between a 
and a' can be obtained. Using this relation and with proper combination o f the 
expressions for dP, d T  and dQ, with those obtained  from blade elem ent considerations
Chapter 2 Pat e 7
(assuming 2-dim ensional flow  for each blade element) the values o f c(r) and (J(r) fo r 
m aximum pow er output o f the turbine at a certain operating condition set by the tip speed 
ratio, (X = i lR /V „ )  can be obtained.
This theory is successful in the case o f an axial uniform incom ing flow, but 
fo r a sw irling flow  with both axial and tangential incoming velocities varying radially as 
in the case o f  the delta w ing-turbine system and also o f  the rear counter-rotating turbine 
rotor, the use o f  m omentum theory becomes problem atic. Such flows becom e 
oversim plified, when attem pting to  make them com patible with the momentum theory 
requirem ents. For the delta w ing-turbine system, the vortex flow is continuously fed from  
the delta wing leading* edges, and hence, mass conservation o f the flow cannot be 
assumed. For the rear rotor o f  the counter-rotating turbine, the tangential component o f  
the incom ing wind velocity has to  be neglected if m omentum theory is to be used. 
Therefore, another approach is required for designing turbines to operate within such 
flows. This is described in the follow ing  section.
2.1.2. Lifting line theory.
T his theory has been introduced by Prandtl [12], for the analysis o f  
aeroplane wings. It has been ex tended  for the design o f propellers by Goldstein [13] and  
Theodorsen [14]. It has also been used for performance analysis of wind turbines (Politis 
[15], Afjeh [16]) and helicopter ro to r blades (M iller [17]).
T he main principles o f  the theory are:
a) G iven that the aspect ratio  o f the turbine blade (or the aeroplane wing) is high, 
all the other characteristics o f  the blade, apart from its span (ie chord and thickness 
envelope) are neglected when the local flow on the blade is calculated. Therefore, each 
blade is substituted by a lifting line.
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b) Potential vortices are superim posed on the lifting line, in o rd e r  to create the 
circulation and hence the pressure difference (between the suction and  pressure surfaces 
o f  the blade) responsible for the lift production. According to the Kutta-Joukovski 
condition, the lift per unit span produced on the blade is related to the circulation o f  the 
bound vortices ( f )  by:
L = pw r (2. 1.1)
w here p  is the fluid density and W is the local wind velocity in the v ic in ity  o f  the blade.
c) At points along the span o f  the blade, the vortices tum  th rough  right angles 
and are shed in the fluid downstream  o f  the blade, forming a sem i-infin ite  vortex sheet. 
T he trailing vorticity m ust always follow the direction o f the local flo w  as it cannot 
sustain any load. A pressure difference between the two sides o f  the sh ee t, will force it to 
m ove towards the direction o f equalising that difference. The vortex sh ee t for the case o f 
an aeroplane wing is planar but for a turbine or a propeller, it forms a  helix, due to the 
rotation o f the blades (see figure 2.3). The strength o f an element o f th e  vortex sheet at a 
spanw ise position r  and with width d r is defined as:
( 2. 1.2)
where f  is the circulation o f the bound vortices at radius r. U su a lly , the strongest
vortices occur at the blade tips, because at these regions the bound c ircu lation  slope is 
h igh, as the circulation drops rapidly to zero. These are the spanw ise regions where 
trailing vortices appear in the case o f aeroplane wings.
d) Both trailing and bound vorticity induce velocities on the flo w , given by the 
Biot-Savart law:
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(2 .1 .3)
d l represents an infinitesimal segment o f a vortex filam ent and S is the distance between 
that segm ent and the point where dw ( is induced.
e) For a high aspect ratio blade, the radial induced  velocity com ponent remains 
negligible (apart from the blade tips) and 2-dim ensional b lade elem ent formulae can be 
used to  relate the lift and drag per unit span produced by the blade, to the local velocities 
and the blade geometrical characteristics:
L,= i  p  W2 q < o )  c(r) 
D = Ì  p  W2 C oin) c(r)
(2 .1 4 )
C om bining the lift formula o f  (2.1.4) with equation (2 .1 .1), the following loading 
equation is obtained, that relates the bound circulation to  the local flow geometry:
r > i  W c(r) q ( a )  (2 .1 .5)
f) Assuming a certain trailing vorticity pattern (as it will be explained later) and 
estim ating the induced velocities along the blade, it is possib le to solve equation (2.1.5) 
for T, with a given incoming flow distribution and blade configuration. This leads to 
perform ance analysis of turbines or propellers. O n the o th e r hand, design o f optim um  
propellers is achieved by estim ating the local flow for a certain  circulation distribution 
and solving (2.1.5) for c(r) The (i(r) distribution can also  be obtained from the local flow 
distribution when certain conditions are imposed.
It is evident that lifting line theory is m ore versatile  than m omentum theory
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and having made less crude assum ptions, it  is also more realistic. Its m ain disadvantage is 
the com plicated mathematics required fo r m odelling the wake and  for that reason it is 
used when momentum theory cannot p ro d u ce  accurate enough results (see [1 1J).
2.2. W AKE MODEL.
The trailing vorticity m odel chosen for the turbine design  is that proposed 
by Lerbs in [18], for the analysis o f  non-optim um  propellers. It is an expansion o f  the 
ideas o f  Goldstein [13] and T heodorsen [14], who solved the problem  o f  optimum 
propellers. In the case o f optimum  propellers, a uniquely defined  distribution o f  the 
bound circulation exists, that m axim izes th e  thrust-to-torque ratio  o f  the propeller. The 
bound circulation distribution o f a non-optim um  propeller can take any arbitrary value 
and therefore the propeller perform ance analysis is possible for operating conditions 
other than the optimum.
Since there are only m inor d ifferences between propellers and turbines, the 
theory o f [18] will be presented for the ca se  o f a propeller first, and then it w ill be 
modified for the case o f a turbine.
2.2.1. Description of the wake m odel.
Propellers are divided in to  three categories according to their loading: 
Lightly, m oderately and heavily loaded o n es . In the first, the aerodynam ic loading o f the 
propeller blades is low, and as a result, th e  induced velocities are sm all com pared to the 
undisturbed wind velocity (V „). T herefore, they  can be neglected in the calculation o f  the 
aerodynam ic angle distribution along the blades (Jj (r). (See figure 2.3). The expression 
for ^  (r) in that case becomes:
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p i (r) =  tan-1(V0. / Q r )
For the lightly loaded p rope lle rs, the Pj (r) does not depend on the induced velocities. 
H ence, the shape o f the trailing  vortex helices is known beforehand.
induced velocities com parable to  VM. As a result, P, (r) depends upon the induced 
velocities:
In the above formula, Uj a n d  are the axial and tangential induced velocities 
respectively. However, the induced  velocities are not high enough to produce an 
appreciable wake contraction. T h is  is taken into account in the case o f heavily loaded 
propellers, w here the induced velocities are o f similar magnitude as V,». (U sed for the 
analysis o f ship propellers w h e n  towing).
adequate, as for a turbine to  be designed the induced velocities are expected to be high 
enough not to  be negligible in  th e  Pj (r) calculation and on the other hand, the case where 
they become o f  similar m agn itude  with V«, is uninteresting to  us, as the power produced 
by the turbine will become to o  small due to the vast reduction o f  the incom ing flow 
velocity. For that reason, th e  w ake model proposed by Lerbs was used. The basic 
assum ptions o f this model are:
a) The trailing vortex filam en ts  shed from each blade elem ent form helices 
with a pitch angle that co incides with the local relative velocity direction (ie 
the aerodynamic angle).
For m oderately loaded propellers, the loading is high enough to produce
From  our point o f  view, the m oderately loaded propeller category is  quite
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b) The wake con traction  downstream o f the propeller is neglected.
c) The vortex filam en ts retain their shape downstream  o f  the propeller.
This last does not happen  in reality, as the helices, once shed from the blades start to 
depart from their o rig inal shape, due to  mutual induction o f  velocities on each other. 
They tend to group to g e th e r around the strongest vortex filam ents, as explained by 
Batchelor in [19] for th e  case o f an aeroplane wing. If  the axial incom ing velocity is 
large, the vortex sheet g o e s  aw ay from the blades fast enough, so that wake deformation 
occurs several span lengths downstream from the blade and  it does not affect the flow on 
the blade significantly, a s  from  Biot-Savart law, (equation 2 .1.3), d w j-S '2. In cases when 
the incoming velocity is  sm all, such as wind turbines operating  in low wind speeds [16], 
o r hovering helicopter b lades (where the incoming velocity  is equal to  uit [17]), 
deformation must be taken  into account.
With these assum ptions, the problem o f  a non-optim um  moderately loaded 
propeller can be solved.
2.2.2. Deduction of equatio ns  for the induced velocities.
The m athem atical formulation o f the problem  was presented by Lerbs in 
[18]. Here, the equations o f  [18] are reproduced with m odifications and explanatory 
comments made where necessary .
Let us c o n s id e r  an infinite vortex filam ent o f  helical shape, at a distance r0 
from a cylindrical fram e o f  reference and a point P  with coordinates (r.y .z). (See figure 
2.4). The vortex filam en t has a circulation T and induces velocities on P. In the 
following, the potential func tion  o f the vortex filament induced  velocity field is estimated 
and expressions for the induced  velocities are obtained. Then, these expressions are 
modified for the case o f  a  semi-infinite vortex filam ent that simulates a part o f the
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trailing vortex sh ee t. Finally, by integrating over the entire blade span and also by taking 
into account the contributions o f  all the other trailing vortex sheets (springing from the 
other blades), the expressions for the induced flow o f  the entire wake are obtained.
T h e  vortex Filament o f figure 2.4, w ith radius r0 and pitch angle p i0 
produces a 2-dim ensional flow field. In order to express this property o f  the flow field, 
the concept o f  a  "true helical surface" m ust be introduced. Let us assum e a straight line 
which is norm al to  the z axis o f  figure 2.4, and which also intersects that axis. A true 
helical surface is  generated by this line when the line rotates about the z axis with 
constant rotational speed and at the same tam e translates along the z axis with constant 
velocity. The p itch  o f  a true helical surface is defined as the length on the z axis covered 
during one revolu tion  by the line generating the helical surface. T he true helical surface 
that contains the vortex filament o f  figure 2.4 (ie that with radius r0 and pitch angle Pi0) 
has a pitch equal to  2nKo. Ko is defined as:
Ko = r0 ta n p i0 (2.2.1)
As shown in fig u re  2.4,
tan P i0 =  dz/ds and d y  = ds/r0
Hence:
Ko = r0 tan  Pio = r0 dz/ds => K0 = d z /d y  (2.2.2)
Therefore, K0 h as  the same value for all true helical surfaces with the same pitch.
S in c e  the vortex filam ent o f figure 2.4 is an infinite one, all points with 
radius r  lying on  a  true helical surface with pitch equal to that o f  the helical surface that 
contains the filam en t (ie 2nK 0) will experience the sam e flow. In order to distinguish 
between d ifferen t helical surfaces (all having the sam e pitch), the follow ing variable is 
introduced:
0  =  y  -  z/Ko (2.2.3)
The value o f  0  is constan t on any true helical surface with pitch 27tKo. Indeed, a change
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in 6  is  expressed as:
T hese expressions satisfy the above conditions, since ujt Vj and w( depend only on r  and  0  
and  furthermore, Uj and v4 are even functions o f  0 , while w; is odd. The boundary 
conditions are:
u. = v. = w = 0  as r —» oo
and u. = f .  1 (from  Biot - Savart law), 
v. = finite , w. =  0  as r  =  0 .
S toke's law on a  circle with radius r  and  w ith z constant gives: 
2» X 0  ; r  *  r»
j  v( r  d y
' r ; r > r„
T he requirement that the flow divergence is  zero anyw here in the field, applied on a 
circ le  with radius r  and z constant gives:
r J  w. d y  = 0
T h u s constants G 0, G lt G 2 and G3 are found to be:
= 0  for r  >  r .
G„ = Gl = °  ■ ° 2 *  £  4 ' ° 3  = °  f"  r < f 0
w ith  G0 arbitrarily chosen for convenience. It is evident that the flow is divided into tw o 
p a n s , the internal for r<r0 and the external fo r t>Tq. The functions fn(r) are determ ined 
from  Laplace's equation:
♦  } * ♦ ' *  + i *  -  o
d r 2 d r  r2 d y 2 dz2
Substituting the value o f  $  in the above, we get:
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Substituting t =nr/K(), wc get the B essel's m odified equation:
0
The general solution is:
W  -  r) f  b*. r)
with n an in teger and I„(x) the m odified Bessel function o f  the first kind and o rd er n, 
given by:
The lim iting values o f In and Kn arc:
I„(x) *  finite , K„(x) -*  «*» as x ->  0
I„(x) -»  oo , K^x) - » 0  as x -»  oo
Therefore, in o rd e r to avoid singularities, bn = 0  in the internal field and a„ =  0  in the 
external. The values of a„ and bn are obtained from the condition that the potential and 
velocity field is continuous during the transition from the internal to the external field.
ln(x > *  («) "  JnO*) w « h
r « U
The G am m a function f(n ) is defined as the integral:
o
In the case n is an  integer.
In(x) = I.„(x) and then K„(x) is defined as:
]
That is at:
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r  = r0 ' ^<ro > * W ro> and - j p
30c
3 f
with <J»t and <J>e the potential fo r the internal and external field respectively. 
T he values o f a,, and bn are found to be:
w ith In' and K„' the derivatives o f  I„ and K„ respectively, for the argum ent (nr(/Ko). 
H aving estimated the values o f  fn and a,,, bn, the potential function fo r the internal and 
external field becomes:
* - i  [ r0 + 2£ £  I»K"™{ ■(*■£) } ]
V -  T Ç  £  K. ‘. ' * in {  " (  v  } ]
A ssum ing B sym metrically spaced blades, the contributions o f the helices on the other 
b lades, with the same radius r0, differ only in y  with y p =  ( y  -27t)(p -1 )/B, p = 1 , ,  B. 
Summ ing the contribution o f all B filam ents, we get:
=  B I  + B H  [  + T c f  £  £  * • '  s in { " ( e  ■ 2 n  V )  } ]
A fter laborious trigonom etric manipulations on the double sums, the above expressions
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can be reduced to:
*"K  [ Bv' 2" £  T  +2Bi  ^1  v  W “‘“I nB(<' - ^ ) }]
Here, r Bn and K 'Bn are functions o f (nBro/Ko).
Hence, only the multiples o f  B contribute to  the potential function. F o r example, if  B=3, 
only I3, 1$, I9, etc contribute to  $ ie.
S o  far, the* equations for the velocity potential have been  obtained for the 
case o f  B infinite vortex filam ents with radius r0 and pitch angle P ^ , symmetrically 
spaced with respect to y .  In the case o f a  propeller, the filam ents sim ulating the trailing 
vorticity are semi-infinite. T he fundamental difference between the flow  produced by 
infinite and sem i-infinite vortex filaments is that the form er produce a 2-dimensional 
field, while the latter produce a 3-dimensional one. By Biot-Savart law  considerations, it 
can be proved (see [18]), that w ith respect to  the axial and tangential velocities, the front 
ha lf o f the helices induces the same amount o f induced velocities as the rear half on the 
lifting lines and on the bisectors between them  o n l y . W ith respect to the radial 
com ponent, the two halves induce velocities o f  the sam e magnitude and opposite signs. 
Therefore, by virtue o f  the above observation, the axial and tangential induced velocity 
com ponents can be obtained on the lifting lines merely by dividing the velocities from the 
infinite filam ents by 2. N o information can be obtained for the radial component. 
However, as it  has been assum ed that the flow on the lifting lines is 2-dimensional, 
(derivation o f  the loading equation 2.1.5), knowledge o f Wj is not necessary.
Taking the appropriate derivatives for and and div id ing  them by 2 we 
get for the flow on the lifting line with z M ) ,  y * 0 :
♦.-*! ♦ * £ [ i  -*(*-£)}]
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The internal field is:
uü 4  3 ? “  4 n  K„ [  1 - 2B £  Ë  "  '*» ( f )  Kb,
v ^  F r 0 V  n l  / n B r \  „  . / " Bro\
“ 2r 5 V  r  2*  K„ '»n ( k J  * » "  ( T ç )
The external field is:
■! S [ ' - » Î g - « 4 Î ) w ( ¥ ) ]
(2.2.4)
For the num erical solution o f the problem , the Bessel functions and their 
derivatives are replaced by Nicholson's asym ptotic expansions [20]. They are:
( \ ° J
--------F------■. )  e"Y
2nn -*/ 1 +  y2/
/  \ 05
K„(ny) = ( ------ £ -------  )  e_nV
\2 n  V  1 +• y2/
2  V V T T ? ^  . i /
In our case, n=Bn, y=r/Ko for I, K and yaqy/Ko fo r I*. K'. With these 
approxim ations, the sum s in the expressions fo r the induced velocity  components can be 
calculated and give the follow ing results:
Chapttr 2 Pag, 20
(2.2.5)
v ^ ü i <,+iy • K o “ "
* « -  f ! ? 8 * • ' . - I S < 1 + B .)
( ^ ? )  [  ;7*T, * 2‘B ÖTjP ln ( 1 +  7^~x ) ]
* 1.2 *  *  (  ' l ' + y 1  - - J ' + y i (2.2.6)
y o -
r0 ,  1 
•S) tan&,0
y —  *  „
^  ’S) “ "^.O '
ro
R
and R the propeller radius.
According to the exact location within the field, (internal o r external), one of the factors 
B j, B2 becomes indeterminate. Each tim e, one must calculate on ly  that part o f B( 2 (hat 
corresponds to the appropriate pan o f the field.
T he above expressions fo r the induced velocities (equations 2.2.5) become 
infinite when r  —» rQ. T o  avoid that difficulty , two induction factors are introduced:
¡L v.
F/{4n (r - r ^ )  ’ ** F /{4 ji (r - r ^ )
Therein, 17{47i(r-r0)} is the velocity induced at r  by a straight semi-infinite vortex 
filament situated at r0. As both num erator and denom inator in the above expressions for 
iM tend to infinity  at the same rate when r —» r0, the values o f  iw  remain finite.
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Substituting equations 2.2.S in the expressions for iM we get:
G _r2itRV. (2.2.8)
The formula for Vj /  V „  is sim ilar to  that for the dow nw ash o f  a finite 
aeroplane wing. T he only difference is that in our case the curvature o f  the trailing vortex 
filam ents has been allowed for by introducing i^,. For a  finite wing, i ,  =  0 , i, *  1. (See 
figure 2.3).
T he above integral can be calculated by slightly m odifying the theory used 
by G lauert in [8]. For this purpose, a new variable, $  (not to be confused with the symbol 
used fo r the potential function) is introduced:
x ■ V4(l +xh) - 'A (  1 -xh)cos<J> (2.2.9)
W hen x = xh, <J> = 0 , when x =  1, <t> = n .
A t the tip and hub o f the blade, the pressure difference between the 
pressure and  suction sides o f  the blade aerofoil is equalised. Hence, the circulation 
becom es zero  at the tip and hub. Since this change o f  G  is continuous, it can be analysed 
in a fourier sine series with respect to 0 :
G(<J>) = G m sin(m<l>) (2.2.10)
m -  1
The induction factors depend on both x an d  Xq. They can be expressed as a 
cosine fou rie r series:
■ V  *  Z  £'<♦> c o s i n g  (2 .2 . 1 1 )
n ■ 0
In the above form ula, 0O *s given by (2.2.9), with x replaced by x«.
W ith use o f  (2.2.10) and (2.2.11), it can be shown that:
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Using the above formula, we get for the integrals within h^OJ»): 
if  m > n ; sin(m<J>) ^  cos(n<J>)
if m < n ; cos(m0 ) ^  sin(n<|>)
The same apply  fo r Uj/ V,„ and finally w e get:
ui 1 a
i ' r r  ¿ j  m ° ~  h™| '>)
" m = I
V i = Ì - 'x X  m Gm
** h m ■ 1
with
(2.2 .12)
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**” (*) " i S i  i ” 11*111* ) y .  £*(♦) cos(n4») +  cos(m«|») £ '(♦ )  sm(n<p)l (2.2.13)
L  n » 0  n = m + 1 J
A t the end points, <jt =  0° and <|> -  180°, h*-',,,^) become indefinite. From 
L'HospitaTs law, we get:
£ ‘(0) =  n  Tm  ^  C (0) +  n £*(()) 1
L  n = 0 n ■ m + 1 J
(2.2.14)
h£(180°) -  -n cos(m 180°) |  ra ^  f  cos(n 180°) + £  n £ ‘ cos(n 180°) 1  
L  n -  o n -  m + 1 J
Lerbs concluded in [18], tha t equations 2.2.10 to  2.2 .14 provide a system 
fo r analysing propellers with an arbitrary bound circulation distribution. By these 
equations, calculation o f the induced velocities produced by any distribution o f  G 
(satisfying the boundary conditions) and w ake geometry (ie (3i0 distribution) is  possible. 
However, in  order to satisfy the condition that the vortex sheets and the streamlines in the 
w ake coincide as they leave the lifting lines (ie the aerodynamic angle f t  coincides with 
the pitch angle f t0 w hen r  =  rg), successive approximations are necessary as the induction 
factors (and hence the induced velocities) depend upon the direction o f the sheets. The 
bound circulation also  depends on the induced velocities (in case G  is unknown) and 
since G , uit and v; are inter-related in a non-linear way, the design problem can only be 
solved iteratively.
2.2.3. Modifications for estimating the induced velocities on the bisectors.
For the design of the delta w ing system turbine, knowledge o f  the flow on 
the lifting lines is quite adequate. How ever, fo r designing the counter-rotating turbine, the
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induced velocities on the bisectors between lifting lines m ust also be known. For that 
reason, the equations o f [18], (a lso  presented above), have been modified.
The points lying on  the bisector between the lifdng lines with y 0 = 0  and
y ,  -  2tt/B  have coordinates: (r, z *  0 , y  = (yo+yiV 2 = n/B). In order to estim ate the 
velocities induced by B vortex filam ents with radius r0 and  pitch angle pjo on that 
bisector, the appropriate derivatives o f the velocity potential m ust be taken. Since the 
velocity potential functions are exactly  the same as before, the sam e procedure is 
follow ed, as that for obtaining equations 2.2.4. However, in this case, y = 7t/B and the term 
sin[ n B (y  - z/Ko) ] appearing at the velocity potential expressions becomes after 
derivation equal to cos(njt) w hich is equal to (-1)". Hence the induced velocities on the 
bisector w ith y  = tt/B are for the internal field:
Equations 2.2.4 and 2.2.15 d iffe r on ly  by the (-1)" factor, as explained above. The sums 
in the above equations can be calculated by laborious m anipulations. This was already 
done for the flow on the lifting lines (equation 2.2.5) and the laborious work can be 
avoided. Comparing equations 2.2.4. and 2.2.5 we get for the sum s appearing in (2.2.4):
(2.2.15)
For the external field:
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(2.2.16)
S  " Kb" ‘b" = ®>
T he following relations are obvious:
£  "  ' b„ * »„ ' -  £  "  Ib„ ^  ♦  £  -  ■»„ k b„
n = 1 n -  1 . 3 . 5  n - 2 . 4 . 6
£  '  D " "  '» „  K R „ -  - £  " ' „ „ V *  £  B l B n K B„'
n = 1 n -  I . 3 . 5  n - 2 . 4 . 6
Combining the above, w e get:
£ < - » " "  k b;  - 2  £  " 'b.  k b;  • £  » ■ * . KB„
n -  1 n - 2 . 4 . 6  n - 1
Changing n to 1 =  n/2, at the first sum o f the right hand side we get:
£  < •  » "  B >Bn K B„- =  2 £  21 >B2I K B2,' '  £  B >B. K B„'
n - 1  1 - 1  n - 1
However, the Bessel functions o f order B(21) and (2B)1 are exactly the sam e, hence we
can write (substituting 1 by n):
2  ** n *Bn KBn = 4 X  ” ^2B)n K(2B)n '  X  "  *Bn KBn (2.2.17)
n - 1  n - 1  n - 1
Thus, the sums o f (2.2.17) can be calculated. For exam ple, £  n K(2B)n I'(2B)n *s equal to 
(K0B 1’)/(4Br0). This was obtained using (2.2.16). The value o f B ,' can be ca lculated from 
equations 2.2.6 changing B to 2B w herever it appears.
Finally, the values o f the induced velocities can be calculated substituting 
equations 2.2.17 into equations 2.2.1S:
Pagt 27
(2.2.18)
The induction facto rs for the bisectors can be calculated from (2.2.18) in  the same way as 
fo r the lifting lines. They are:
The limiting values o f  the induction factors for the bisectors are:
¡, ’ - » 0  and i,' - *  0  for x —> Xq
T he rest o f the procedure for calculating the flow  on  the bisectors is 
exactly the sam e as that for the lifting lines, apart from the fact that in  this case, the 
solutions for Uj and  Vj do not have to be successively approxim ated, since the bound 
circulation is prescribed  (it is  that o f  the lifting lines).
2.2.4. Modifications for a wind turbine.
(2.2.19)
H. *  - B ( x  - i J o + Z B ’ - i y
T he transformation o f equations 2.2.10 to  2.2.14 to  fit the case o f a turbine
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is straightforward. Figure 2.3 shows that the induced velocities in the case o f a wind 
turbine are opposite in sign to those o f  a propeller. T he sam e applies to the bound and 
trailing vortex sheet circulation. The physical meaning o f  these differences is that in the 
case o f a turbine, the pressure side o f  the blade aerofoil faces the incoming flow, while 
for a propeller, it is  the suction side o f  the aerofoil that faces the incoming flow. In the 
vicinity o f  the turbine blade, an increase in pressure occurs ju s t ahead o f it. The induced 
velocity Uj is opposite  in direction to V .., so  that the total axial velocity will be reduced to 
correspond to  the pressure increase. (The local velocity com ponents are shown in figure 
2.8). The tangential induced velocity vj has opposite direction to O r (tangential velocity 
o f  the turbine at r). T his happens because a torque is exerted on the turbine by the wind. 
Equal torque, w ith opposite sign is exerted by the turbine on the air, m aking it rotate in 
the opposite direction downstream o f  the turbine. Since the air rotates with a relative 
velocity -O r fo r a  fram e o f reference fixed on the turbine blade, the resultant tangential 
velocity for a blade elem ent will be -O r - The relative local velocity for a turbine is:
W  »  { ( V .  - Uj)2 +  (O r +  }° 3 (2.2.20)
For a propeller, the axial velocity is enhanced due to the pressure drop just ahead o f the 
propeller blades. T herefore, Uj is in the sam e direction as V „ . T he propeller experiences a 
decelerating torque by the wind and hence, V; is in the sam e direction as O r. The resultant 
tangential velocity fo r a propeller is -O r +  Vj. The relative local velocity for a propeller is:
W  -  { (V _ + Uj)2 +  (O r - v,)2 )03 (2.2.21)
For transform ing the equations for Uj and Vj to fit the case o f  a turbine, all that m ust be 
done is to change their signs. This can be achieved by leaving equations 2.2.12
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unchanged and using equation 2 .2.20  in the calculation of the bound circulation 
distribution instead o f (2 .2 .2 1 ).
One step further is to fit this model to the case of a non-uniform, non-axial 
axi-sym m etric flow. In such a flow the incom ing wind velocity (to the turbine) has two 
com ponents that vary radially: A n axial one u(r) and a  tangential one v(r). The situation 
on  a blade element o f a turbine operating in such a flow  is shown in figure 2.8. Assuming 
that the turbine rotates in the same direction as the wind, (as is the case fo r both the delta 
wing system  turbine and the rear rotor o f  the counter-rotating turbine), the relative 
tangential velocity is: -i2r +  v -v4. T he relative local velocity is:
W  = { (u - Uj)2 +  (O r -v+ v4)2 }<>-5 (2.2.22)
H ence, fo r the case o f a turbine operating w ithin a non-uniform, non-axial axi-symmetric 
flow , the bound circulation is calculated from (2.1.5) using (2.2.22) for the relative 
velocity distribution.
W ith this modification the w ake model is complete and together with an 
appropriate loading equation based on equation 2.1.5, the turbine blade design problem 
can be solved. The procedure follow ed for this purpose is presented in the next section.
2.3. TUR BINE BLADE DESIGN PROCEDURE.
Unlike the case o f a propeller or a turbine designed using momentum 
theory, on  the lifting line level there is not a clear optimisation criterion for a wind 
turbine design. This was reported in reference [15]. In the case o f a propeller, the quantity 
to  be optim ised is the thrust-to-torque ratio (T/Q). A relation between axial and tangential 
velocities can be achieved considering the far wake characteristics (see for example
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references [13] and [14]), which leads to an optim um  bound circulation distribution. For a 
wind turbine however, it is the power that has to  be m axim ised and this cannot determine 
the circulation or induced velocity distributions uniquely. T he only optimisation possible 
is adjustm ent o f the blade twist angle, at each blade elem ent, so that the angle o f attack 
will be equal to its optimum  value throughout the blade. This condition gives the 
optimum  lift-to-drag ratio for a given aerofoil and optim ises the torque produced by the 
turbine in the sense that stall is avoided. H ence, the tw ist angle distribution is an 
unknown, as  it changes with the local relative velocity changing. The above properties of 
P can be expressed by the formula (see also Figure 2.8):
p(r) = pi(r) - ^  (2.3.1)
The equations obtained so far, are the loading equation (2.1.5), equations for the induced 
velocities, (2.2.12) and also (2.3.1). The blade chord cannot be related to the rest o f the 
variables and hence, the num ber o f unknown variables is more than the number of 
equations. This problem can be overcom e, if  the turbine is designed for a prescribed 
chord distribution. Various chord distributions must be tested, for various operating 
conditions. For each o f them, the circulation and  induced velocities can be estimated, as 
well as the twist angle distribution. For each case, the pow er coefficient is calculated 
from:
Power produced by the turbine 
Power o f the undisturbed flow (2.3.2)
Both num erator and denom inator o f the above expression are calculated for the same 
area w hich is the area swept by the turbine blades. Comparisons between different
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parameter to be equally spaced along the blade is 0.
c) Analysis o f G in a fourier series.
T he bound circulation G  is analysed in a fourier series calculating the M first terms o f  the 
sum in equation 2 .2 . 10 :
d) Calculation of induction factors,
T he induced velocities on a station <|> on the blade are calculated summing the 
contributions o f an adequate num ber o f trailing vortex filaments with positions on the 
blade defined by <J>0. Therefore, for each <j> and <J>0 the values o f  iM(4>.4>o) are calculated 
from equations 2.2.7 using equations 2.2.6. First the aerodynamic angle (3i0 (ie the value 
o f  Pj a t (j>0) is calculated. It coincides with the pitch angle o f the helical vortex filament at 
<t>0 and  is given by:
(The deduction o f the above equation is obvious from figure 2.8). Then, according to  the 
values o f  <|> and <J>0 one o f the terms o f  equation 2 .2.6  is calculated depending on w hether 
the flow  is internal or external and from equation 2.2.7, the values o f iw  are obtained.
e )  Analysis o f induction factors in a fourier series.
T he induction factors are analysed in a fourier series summing N+l terms (from 0  to  N) 
o f  equation 2 .2 . 1 1 :
G(<1>) = G m sin(m(|i) (2.3.5)
m = 1
(2.3.6)
• V  "  £  C t o  c o s in g (2.3.7)
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n  Calculation o f Lerbs factors.
The Lerbs factors hwm($) are calculated for each <|> and m (from 1 to M) using equations 
2.2.13 and 2.2.14. Note that since a finite num ber o f Ia-ln coefficients is calcu lated , the 
second sum in the above equations (from m+1 to  oo) is limited to the terms m+1 to  M in 
the case n >  m. It becomes zero i f  n £  m.
g) Calculation of new values for the induced velocities, aerodynamic angle and G.
The new  values o f  u /V .., v/V ,», and G are also calculated for each <J>. and v /V „
from equations 2.2.12, (3; from  equation 2.3.6, substituting <t>0 with (J>:
G is calculated from equation 2.3.3 using the new values o f Uj/V«, v /V .. this tim e fo r the 
calculation o f  W.
h) Convergence test.
The o ld  and new values o f  G are com pared for each <j> and if  they are close enough, the 
procedure goes on to the next step. Otherwise, the values o f u /V „ , v /V .., and G  are 
updated and the iteration starts again from step (c), until convergence is achieved.
i) Calculation o f twist angle.
The tw ist angle is calculated fo r each <J> from equation 2.3.1
j) Calculation of powsrcoefficiem,
The pow er coefficient (Cp) is calculated using equation 2.3.2. For estim ating the power 
produced by the turbine, the elem ental power o f each blade element is integrated along 
the blade, m ultiplied by the num ber o f blades. A lso, according to the application, other 
quantities important in wind turbine aerodynamics can be calculated, such as ro to r thrust, 
torque coefficient, forces on the blades, Reynolds num ber, etc.
(2.3.8)
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A fter these calculations, the procedure is completed. W ith  this iterative 
algorithm the bound circulation, induced velocities, tw ist angle d istribu tion  and power 
coefficient can be estim ated  for a turbine with a given num ber o f  blades and chord 
distribution, for a given operating condition set by the tip speed ratio. In o rd e r  to find the 
most prom ising configuration, a parametric study m ust be carried out fo r  assessing the 
im pact o f each param eter on the turbine's efficiency. Comparison o f  re su lts  can lead to 
the m ost suitable turbine for each application, as will be seen in the next chapter, where 
conventional turbines (operating in an axial, uniform incom ing flow) are designed  by this 
m ethod and com pared w ith  similar designs produced by momentum theory.
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Figure 2.1. Turbine characteristics. A: Axis o f rotation. B: H ub disc. C: Tip.
Figure 2.2. Stream tubes used in momentum theory. (From  [1 1J).
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Figure 2.3. Trailing vorticity system s.
A: A eroplane wing. B: Propeller.C: Turbine.
In all o f  the above:
1. Trailing vorticity. 2. Induced velocities. 3. Blade elem ents
C h fu rl **
Figure 2.4. Geometry o f  an infinite helical vortex  filament. (From [18]).
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Figure 2.5 a.
Values o f ia factor 
(for internal and 
external field) as 
function on xq /  x 
and Pi0 for a  3- 
bladed propeller. 
(Taken from [18]).
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F igure 2.5 b.
Values o f i, factor 
(for internal and 
external Field) as 
function on Xo /  x 
and Pi0 fo r a 3- 
bladed propeller. 
(Taken from [18]).
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Figure 2.6. Direction o f  induced velocity.
Figure 2.7. Contributions to induced velocity from lifting lines.
A: T w o  blades. The velocity induced at P2 from Pi is zero as dl x S = 0. 
(Biot-Savart law).
B: T hree blades. The velocities V , and V2 induced at P3 from  P, and P2 
are o f  opposite sign and same magnitude. Hence. V , and V 2 cancel-out.
T h e  same applies for any num ber o f symmetrically spaced blades.
Figure 2.8. Local velocity vectors and forces on blade elements.
1. Propeller. 2. C onventional turbine. 3. T urb ine operating in a non-uniform, non-axial, 
axisym m etric flow.
CHAPTER 3.
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CHAPTER 3. LIFTING LINE DESIGN OF CONVENTIONAL WIND 
TURBINES. COMPARISON WITH MOMENTUM THEORY.
3.0. INTRODUCTION.
In this chapter, the lifting line blade design procedure has been used for 
designing conventional wind turbines (ie turbines operating in a purely axial incom ing 
flow). This was done in order to  com pare the present design m ethod with the more 
widely used m omentum theory and also  for investigating the effects o f  various 
parameters involved in wind turbine design, on the turbine performance.
3.1. DESCRIPTION OF THE PROCEDURE.
The procedure for designing turbine blades operating in a general 
axisymmetric incom ing flow has been analysed in chapter 2. The design work presented 
here is based on that procedure.
3.1.1. Calculation method.
For the turbine blade design, the iterative algorithm presented in chap ter 2 
was used. The only modification done concerns the incoming flow  velocity distribution. 
A purely axial incom ing flow was assum ed, hence, in equation 2.2.22 (which gives the 
relative velocity at each blade elem ent), the tangential incoming flow com ponent is taken 
to be zero, (v =  0). However, the axial incom ing flow at the turbine rotor disc w as not 
assumed to be uniform . The turbine hub (centre-body) effect was also  taken into account
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and as it will be seen later, this causes the incoming flow  to vary radially . Apart from 
these m odifications, the rest o f  the algorithm was not changed.
3.1.2. Numerical techniques used.
A com puter program  (written in fortran) was developed fo r designing the
turbine blades. This program  is sim ilar to that used for the design o f  the delta wing- 
vortex turbine system blades. T he num erical techniques and  results o f  the vortex turbine 
design are described in [21J. Som e modifications to the procedure used  in [21] were 
found to be necessary. T hese are related to the analysis o f  the bound circulation (G) and 
induction factors ( i K l)  in fourier series and also to the updating o f the induced  velocities' 
values during each iteration step.
In [21], the fourier coefficients required for the analysis o f  G  and iw  (see 
equations 2.3.5 and 2.3.7) w ere calculated by numerical integration:
Here, for each quantity, a system o f  linear equations was solved instead, thus estimating 
G m and l*-ln. This was done as follow s: The values o f G(<J>) and iM(<|>) w ere calculated at 
an adequate num ber o f stations along the turbine blade, equal to the num ber o f fourier 
coefficients required. (M for G , N + l for iM). Then, system s o f linear equations were 
constructed writing equation 2.3.5 M times for the calculation o f G m and equation 2.3.7
o
o
and
o
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N + l times fot I“-*n. The unknow n variables in these systems are the fourier coefficients 
which can be estim ated by solving the systems. For that purpose, the NAG library 
subroutine F04ATF was used. This routine can solve linear system s using Crout's 
factorisation method [22]: G iven a system o f linear equations A x =  b (with A and all 
other capital sym bols in this section representing m atrices and x, b, and  other lower case 
sym bols representing vectors), the routine first decom poses A using Crout's factorisation 
with partial pivoting PA = LU , with P  a permutation matrix, L  the low er triangular and U 
the upper triangular matrices. A n approximation to  x is found by forw ard  and backward 
substitution, ie Ly = Pb and U x = y. The residual vector r = b-Ax is then calculated and 
a  correction d  is found by the solution o f LUd = r. Then, x is replaced by (x +  d) and the 
process is repeated until full m achine accuracy is  obtained. This m ethod is more time 
consum ing but it was necessary as it was found that unlike the ca se  o f  the vortex flow, 
the num erical integration m ethod produced poor results.
As was reported in [21], the lifting line design procedure is divergent if  
blade chord distributions w ith maximum chord-to-radius ratio large r than 0 .IS are used. 
(cm.«/R  > 0.15). T his is caused  by undue oscilations in the values o f  (aerodynamic 
angle) between iteration steps. For ensuring convergence for c m . J R  >  0.15, a relaxation 
technique was used: Each tim e the induced velocities' values w ere updated, (before the 
start o f the next iteration step), instead o f substituting the old induced  velocities' values 
w ith the new ones, only a  percentage o f the new values was added to  the old according to 
the following formula:
u. -  u. old +  F  (u ijiew •
v. *  v. . .  +  F  (v.l l.old '  l.new ■ \o ld >
F  in the above formula is the "relaxation factor ", w hich determines th e  percentage o f new 
values to  be added to the old ones. For example, i f  F  »  1.0, then, Uj =  u i new and v, =« viiDew
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as was the case in [21]. W ith this m odification, convergence is possible for any chord 
distribution. How ever, the larger c m„ /R , the lower the F required fo r convergence and 
hence, with cm„ /R  increasing, more iterations (and thus more time) is needed.
For assessing the turbine's efficiency, the value o f  Cp for each turbine 
design was calculated. Cp is given by equation 2.3.2. In our case, the flow far upstream 
o f the turbine is uniform , with velocity V „. Hence the undisturbed flow power for an 
area equal to that swept o f  the turbine is:
P = ^ p ( V . ) 3 l l  R2
The turbine power is:
R
PT «  f  B O  dQ
Rh
with dQ  = r  dF, the torque exerted on a blade element with radius r.
The driving force on a blade element is (see also  figure 2.8):
dF  = dL sin - dD  cos f t  = 'A  p  W 2 c(r) { C L sin f t  -  C D cos f t  ) dr
Hence:
dQ  = A  p  W2 c(r) G] r  dr 
with Gj =  C l  sin Pj - C D cos pj and finally:
Hence, Cp becomes:
PT = Í  p  B i l j  W2 c(r) G, r  d r
(3.1.2)
G, = CLsinpi - CDcosft and X =
For calculating Cp num erically, Simpson's integration m ethod has been used. Equation
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3.1.2 is not suitable fo r the numerical integration as the quantity  which is equally spaced 
along the blade is $  and not r  (or x). Therefore, the integral o f (3.1.2) must be 
transformed. This is done as follows:
r  = x R =» r dr = R2 x dx.
Also, from (2.2.9) we get:
r  d r ■ V4 R2 [ (1 - xh2) - (1 - xh)2 cos$ ] sin0 d<J>.
Thus:
Cp = G, G2 d(J)
with:
Gj =  C^sinp. - Ct)cosP)
(3.1.3)
G2 = {(1 - x|j) - (1 - xh)2cos(|)J sin0
Trial runs o f  the program were carried out in o rd e r to assess the accuracy 
o f  the num erical techniques used. The design results for conventional turbines were 
found to be more sensitive to changes o f the num ber o f  fourier coefficients, initial 
induced velocities and o f  the convergence criterion than these fo r the vortex turbine. 51 
fourier coefficients w ere found to be adequate for the analysis o f  G  (30 were used in 
[211) and 53 for the analysis o f i ,  , (30  were used in[21 ]). The convergence criterion was: 
'G new-Goid1 *  10"4 (GmwI. (In [21], 10 3 w as used).
This was necessary so that runs starting with different initial induced velocity values 
would give differences in the Cp values less than 1%.
Quicker convergence was achieved using (Uj /V „ ) initial =  0 .4  and (vs /V „) initial =  0.0 
throughout the blade fo r the first iteration cycle.
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The relaxation factor was found to range from 0.2 to  0.5, ie 20% to 50%  o f  the induced 
velocities' new  values was added to the old ones.
3.1.3. Hub size and interference.
T he turbine hub size was chosen to be Rh = 0.2R. This is the largest hub
size that doesn 't affect adversely the power produced by a turbine, as reported in [23] 
where an investigation o f centre-body effects on turbine performance was carried out. 
The hub interference was taken into account by altering  the uniform incoming flow 
velocity distribution. Far upstream  o f the turbine, the undisturbed wind velocity is equal 
to V „. On the turbine rotor disc however, it is changed due to the centre-body 
interference. T he formula:
expresses the hub interference and was derived experim entally  in (23] by investigating 
the flow around hemispherical centre-bodies. Equation 3.1.4 gives less suction than does 
the "ideal" case, ie that o f  potential theory for a sphere [24], w here the change of 
incom ing velocity  due to the hub is:
However, the difference in C p for turbines designed  using equation 3.1.5 for the 
incoming flow  as compared to sim ilar turbines for w hich equation 3.1.4 was used, was 
found to be in the range o f 1% to 2%. The small d ifference in C p is caused by the small 
hub size that doesn 't create a large disturbance to the flow .
(3.1.4)
(3.1.5)
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3.1.4. Choice of aerofoil section.
The aerofoil section chosen to  be used is NACA 4415. This section is 
often used  in wind turbine applications. Its construction is easy,since it is 15% thick, and 
it is  a w ell documented aerofoil w ith many references reporting wind tunnel tests o f  i t  
Indeed, results o f four different tests for this section were found and compared with each 
other. T hese results are presented in references [25], [26], [27] and [28]. Comparison of 
results revealed that those o f [25] didn't agree w ith  those o f [26], [27] and [28]. In the 
tests presented in [25], the values o f  C D and stall angle were found to be larger than those 
o f  the o ther references* These differences w ere probably due to different levels of 
turbulence between the tests. The larger separation resistance and higher drag o f [25] 
reveals the presence o f a turbulent boundary layer which may have been caused either by 
high free-stream  turbulence or by bad aerofoil surface finish (or both). The results o f  [25] 
w ere no t used since they didn't agree with the r e s t  Reference [26] contains tests of 
N A C A  4415 at very high Reynolds numbers. (T he smallest being 3X106). The lowest 
value o f  R e for which tests o f N ACA 4415 w ere carried out is  7x10s and was found in
[27] and [28]. The values of a ^ , ,  and C D( a opt)  are:
Reference [271 Reference [281
Re -  7x10s Re *  7x10s
«op, * 5 °
Cl(< V > * ° .8 9
CD(a opt) *  0.0100
a o p ,-5°
C ^ a ^ - O ^ l
CD( < V ) -  00105
A n average was taken o f the tw o sets o f results and  the aerofoil data used are:
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Rc =  7x105
« op« =  5° 
CL(a opt) *  0.90 
CD(«op«) =  0.01025
T he wind turbines designed here were chosen to  be o f medium size, w ith rotor diameters 
equal to  Sm. For such turbine dim ensions, the blade chord Re is expected to be 
supercritical. Indeed, the Re values of all turbines designed were found to range from 10s 
to  8x10s, for Voo = 10 m/sec. These values o f  Re are high enough for Re effects to be 
ignored, and the aerofoil data for a single R e value (presented above) w ere used. The 
difference in Cp o f  turbines designed using the aerofoil data for Re = 7x10s compared 
w ith  those designed using data for Re 3  3X106 (taken from [26]) was found to be less 
than o r equal to 2% . This show s that the effec t o f  Re on the turbine Cp is not a great one 
fo r supercritical chord Re values and hence the use o f aerofoil data for a single Re value 
is  justified.
3.2 . PRESENTATION OF RESULTS.
In  this section, the results ob tained  from the design procedure described 
above are presented and discussed.
The nondimensional chord distribution o f all the blades designed is given
by:
c  _  sin$
R  *  - f ~  (3-2-D
T he above form ula was chosen as it produces blade shapes which are compatible with the
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boundary conditions o f  the problem: In equation 2.3.5 the blade bound circulation (G ) is 
analysed in a fourier sine series. For doing  that, it was assum ed that G drops to zero at 
the tip and hub o f  the blade. From equation 2.3.3 it is evident that G  can become zero 
only  if  the chord distribution becom es zero too. The alternative way for satisfying the 
boundary conditions is to assume that the blade angle o f attack at the tip and hub is equal 
to  its zero lift value. However, this cannot be done in our case, as the angle o f attack was 
assum ed to be equal to a opl throughout the blade (equation 2.3.1) for optimising CL / C D. 
Equation 3.2.1 produces blades that satisfy the above requirem ent. The exponent E  in 
that formula has a profound effect on the blade shape. W ith it increasing, the blade 
becom es increasingly "w^isted" as can be seen in figure 3.14. "W aisting" is preferred in 
describing the blade shape to "taper", a s  the blade taper ratio w hich is usually defined as 
root chordrtip chord (see [30]) does not apply in our case. The taper ratio will also be 
used, but redefined as:
Taper ratio M axim um  blade chord 
Blade chord at r  = 0.8R (3.2.2)
Thereafter, the exponent E in (3.2.1) will be called "waisting factor". As can be seen 
from figure 3.14, increasing E increases the blade taper.
T w o families o f blades w ere designed, one having cm, x/R = 0.1 and 
another with cmxx/R = 0.2. For each value o f  E, an appropriate C0 was found, so that the 
value o f cmax /  R would be one o f  the tw o m entioned above. For the first family (w ith 
c mM/R=0.1), 3, 6  and 10-bladed turbines w ere designed with varying degree o f blade 
waisting (E ranging from 1.0 to 2.5). F o r the second family, (w ith cm>x/R=0.2), only 3 
and 6-bladed turbines were designed since the 10-bladed ones would operate at too low 
tip speed ratios. For each turbine, a value o f X was found ( X ^ )  for which Cp was 
m aximised. It took several runs o f  the program  to spot the m aximum o f Cp. The program
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needed a considerable time to converge (15 to 20 mins) and in order to reduce the 
number o f runs, the step for X  was chosen to be 0.25, and hence the accuracy w hith 
which Xop, was calculated was ± 0.125. This was satisfactory, since the slope o f C p close 
to its m aximum was found to be sm all.
In tables 1 and 2 the design results are shown for each family o f  turbines. In each box  o f 
these tables the values o f  Cp m>x and  A.opl are shown.
In figures 3.1 to  3.12 the distributions o f G , u , /  V „ , vs /  V „ and P along the blade are 
shown. Fig. 3.1-3.4 are for B=3, c mix/R=0.1, fig. 3.S-3.8 are fo r B=10, cmjlx/R=0.1 and 
fig. 3.9-3.12 for B=3, cmax/R=0.2. In each o f these plots, five curves are show n for 
different values o f E. Each curve is fo r the value o f  X  fo r which CpmâX is obtained (A.opt). 
Using the information provided by these tables and figures the influence o f all relevant 
parameters can be assessed. The param eters are:
• Num ber o f  blades (B)
• Blade waisting (V alue o f  E)
• Maximum chord (cmax /  R)
3.2.1. Effect of number of blades.
It can be seen from tables l and 2 that with E and cmâX /  R remaining the 
same, increasing B causes Cpmax to  increase and to decrease. Increase o f B m eans 
approaching the "actuator disc" situation, for which the Betz lim it applies. C om paring 
figures 3.1 and 3.5, it can be seen that with E being the same, the circulation shape is 
similar for different values o f B. However, the values o f  G for the same radial position 
decrease with B increasing. H ence, the blade loading decreases with increasing num ber 
o f blades.
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TABLE 1
*„ -  0.2 , Aerofoil -  NACA 4415 . Re -  7*105. v_  -  10 m/aec.
C0 : 0.045 
E  : 1.0
0.032
1.3
0.025
1.5
0.022
1.6
0.020
1.7
0.017
1.8
0.015
1.9
0.013
2.0
0.0065
25
B - 3
0.4062 0.4484 0.4646 0.4701 0.4724 0.4744 0.4722 0.4687 0.4184
V 6.5 8.0 8.75 9.25 9.5 10.0 10.25 10.75 12.25
B = 6
CpjMl 0.4751 0.5063 0.5196 0.5228 05214 0.5103 0.4491
V S.0 5.75 6.5 6.75 7.0 7.75 8.75
B = 10
0.5181 0.5421 0.5510 0.5516 0.5469 0.5289 0.4579
4.0 4.75 5.0 5.25 52 5 6.0 6.75
TABLE 2
“  0.2 . Aerofoil -  NACA 4415 . R e - 7 x l0 5. V _ - 10 nV*ec.
. s _ » - 0 . 2 0
< v  0.09 
E : 1.0
0.064
1.3
0.05
1.5
0.044
1.6
0.004
1.7
0.032
1.8
0.030
1.9
0.026
2.0
0.013
2.5
B -  3
Cp— 0.3587 0.4030 0.4282 0.4410 0.4467 0.4434 0.4451 0.3988
4.25 5 .0 5.75 6.25 6.75 7.0 7.25 8.5
B - 6
0.4289 0.4673 0.4863 0.4916 0.4906 0.4849
3.25 3.75 4.25 4.5 4.5 5.25
T he reduction o f  G with increasing  B is caused by the decrease o f (see tables 1 and 
2) and the subsequent reduction  o f the relative velocity W. C om paring figures 3.2 and 
3.6 (plots for the same E), it can be seen that Uj /  V „ increases tow ards the hub and
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decreases tow ards the tip with B increasing. The reduction o f  u4 /  V „ close to the tips 
brings about the increase o f Cp max with B. However, the shape o f  u, /  V „  is roughly the 
sam e for turbines with the same blade shape and d ifferen t num ber o f  blades. From 
figures 3.3 and 3.7 it can be seen that vj /  V „ increases rapidly with B increasing. The 
general shape o f  Vj /  V „ remains similar fo r different B but the distribution maximum 
m oves closer to  the hub with B increasing.
From figures 3.4 and 3.8 it can be seen that the twist angle distribution 
along the blade behaves as follows: The values o f (3 fo r a  given radial station increase 
with B increasing due to the reduction o f  and W , but its shape remains essentially the 
sam e. ,
i. With B increasing, increases and Xq,* decreases.
ii. With B increasing, no major changes are observed to  the shape o f  G , u /V .., 
v /V .. and  [} distributions along the blade.
3.2.2. Effect of blade waisting.
Varying the waisting factor (E), has great effects on the turbine results. It 
can be seen from  tables 1 and 2 that with E  increasing, Xop, is also increasing, due to the 
reduction o f the turbine solidity. Cpm, x increases with E  increasing, until a maximum is 
obtained. W ith further increase o f E, drops. The m axim um  o f Cpmxx was found to
depend on the num ber o f blades: For B = 3, E,^,, = 1.8, fo r B = 6  and 10, Eopl = 1.6. The 
value o f Eop, doesn ’t depend on cmtx /  R, as can be seen from  tables 1 and 2.
T he above mentioned effects can be explained by analysing the influence 
E has on G and  the local flow around the blades. From  figures 3.1, 3.S and 3.9,
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decreases. (See equation 2.2.21). S ince Cp -  W2 (see equation 3.1.3), increase o f E 
causes Cpmax to increase. However, Cp is also dependent on c (Cp -  c), and there is a 
lim it to  how beneficial the increase o f  W can be, since a large reduction o f the blade 
chord  close to the tip (without increase o f the num ber o f blades) has adverse effects. The 
value o f  E  for which the two conflicting trends balance is Eopl. The dependence o f Eop( 
on the num ber o f blades can be explained as follows: The few-bladed turbines operate at 
larger A.^, than similar m ulti-bladed turbines and thus W is larger. Hence, for few-bladed 
turbines, Cp starts being reduced by the blade chord reduction (w ith increasing E) at 
larger values o f E. That is why larger values o f Eopi are observed for B=3 compared to 
B =6 and 10. Finally, from figures 3.4, 3.8 and 3.12 it can be seen that with E increasing.
P(x) decreases throughout the blade. This is again due to the increase o f A.op(. The
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decrease of p(x) is more pronounced in the hub region.
Conclusions:
i. Increasing blade waisting (E), causes A.opl to increase due to the reduction o f  
the turbine solidity.
ii. Increasing E causes the blade loading to become more pronounced close to  
the hub region. (This is advantageous from the structural point o f view).
iii. The reduction o f  chord with E increasing counter-balances the increase o f  
relative wind velocity and an optimum value o f  E can be found (depending 
on B), for which Cp,max gets its highest value.
3.2.3. Effect of maximum chord.
Increase o f  the maximum blade chord (cmax /  R) means increase o f  the 
turbine solidity. This reduces C pmax and Xopt as can be seen comparing tables 1 and  2. 
This reduction o f  Cpmax is caused by the increase o f the induced velocities throughout 
the blade (compare figures 3.2 and 3.10 and also 3.3 and 3.11), and the decrease o f  ‘K o p l  
that reduces W. The bound circulation also increases throughout the blade (see figures 
3.1 and 3.9) as well as the twist angle (compare figures 3.4 and 3.12). The shape o f  G, 
u4 /V „ , v4 /V „  and (i along the blade does not change significantly with c max /  R.
Conclusion:
Increase o f c max /  R increases the turbine loading and the strength o f  the tip 
vortex while it reduces both Cp max and Xopl.
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3.2.4. Other remarks on the turbine design results.
In figures 3.13 and 3.14, the chord shapes o f blades fo r various values o f  E 
and with cm4X /  R  = 0 .1  and 0.2 respectively are shown. It can be see n  that some o f the 
blades are strongly and non-linearily tapered, especially those fo r  which Cpm u is 
optimised (ie E = 1 .8  for B=3 and E=1.6 for B=6, 10). Also, from figu res 3.4, 3.8 and 3.12 
it is evident how  strongly the blades m ust be twisted in order to m a tc h  the local flow. 
The strong taper and twist o f the blades makes their construction d iffic u lt and the blade 
design usually has to be com prom ised towards easier to make and less expensive blades.
From  tablqs 1 and 2 it can be seen that o f turbines w ith  the same solidity, 
those with m ore and narrower blades produce more C ^miX at la rg e r X ^ . (Compare 
turbines with B =  6  from table 1 to those with B = 3 from table 2).
3.3. COMPARISON WITH MOMENTUM THEORY.
In  this p an , the turbine design method based on liftin g  line theory is 
com pared w ith m omentum theory. Both qualitative and quantitative com parisons were 
made.
3.3.1. Momentum theory and tip loss corrections.
In chapter 2, the basic principles of momentum theory w ere presented. It 
was also m entioned  that in order to refine the design model and a llev ia te  the limitations 
o f  the "actuator d isc" assumption, corrections are necessary. These co rrec tions are called 
"tip loss corrections" and their derivation and use is explained in the follow ing.
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Duc to the "actuator disc" assumption, m om entum  theory cannot predict 
the reduction o f  circulation at the blade tip and hub c a u se d  by the crossflow from the 
pressure to the suction sides o f the blade. That leads to underestim ation o f  the induced 
velocities and overestimation o f  Cp. To rectify this situa tion , theoretically based 
corrections have been developed. The most commonly u sed  tip  loss corrections are those 
devised by Prandtl. A correction factor F is used in o rd e r  to describe the loss of 
circulation at the blade tips. It is given by:
F (3.3.1)
with T  the circulation o f  each blade and r „  the circu la tion  o f the "actuator disc", as 
explained in [23]. There àre tw o formulae for F. One is:
(3.3.2)
It is derived (as explained in [30]) replacing the helical vortex  system shed from the 
blades, with a simpler one consisting o f a distribution o f  equid istan t, semi-infinite planar 
vortex sheets springing from the blades. The vortex filam en ts  within these sheets are 
norm al to the turbine axis o f rotation. Conformal mapping c a n  be used for calculating the 
reduction in potential difference between two plates approaching  the blade tips. This is 
then coupled to the reduction o f circulation around the tips.
T he o ther formula is:
F =  ?  arccos(ex)
with x ■ - j  B ( l  - £ )  V 1 + X2  ^ *
This is  defined (as explained in [31]) assuming that the trailing  vorticity lies on the 
surface o f  a circular cylinder with radius R, and estim ating i ts  effect.
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There are also different o p in io n s  on how to im plem ent these corrections. 
Tw o different m ethods are available, one ca lled  "simple" and ano ther "exact". (See 
reference [15]). In the former, ("simple"), th e  force and torque re la tions derived from 
momentum considerations are m ultiplied by  F  and thus the reduction o f forces on the 
blade tips is brought about. In the latter, ("ex act"), the induced velocity factors a and a' as 
well as the local axial and rotational velocity  com ponents (see chapter 2) appearing in the 
momentum, force and torque relations a re  m ultiplied by F, so th a t the change in 
circulation com es through the change in the lo ca l flow.
Having that situation in m ind , i t  is reasonable to argue that the lifting line 
predictions should be more accurate, since th e  effect o f the tip vortices on the turbine 
performance is an intrinsic feature of the th eo ry .
3.3.2. Qualitative comparison.
The trends observed in the tu rb in e  design using lifting line theory are also 
present when m omentum theory is used. H igh ly  tapered and tw isted  blades are the 
momentum theory optimum designs as e x p la in e d  in [31] and [9]. Figure 3.15 (taken from 
[33]) shows the design o f three optimum b lad e s  using m om entum  theory. (Note that in 
figure 3.15 CL is taken to be constant, so  th a t  the cCL ordinate represents chord). The 
shapes look sim ilar to those o f figures 3.13 a n d  3.14. With the tip speed ratio (called "x" 
in figure 3.15) increasing, the blade w aisting a n d  taper ratio (as defined in equation 3.2.2) 
increase:
For X = 6, taper ratio ■ 2.7, fo r  X = 8, taper ratio  =  3.7, 
and for X = 10, tap e r ratio = 4.5.
The above results are for a pm (= CD /  CL) value of 0.0025. In figure 3.16, similar results
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are shown (ic chord and twist angle distributions for optimum turbines designed by 
momentum theory) taken from re ference [34], The twist angle distributions of figure 3.16 
are sim ilar to those shown in figures 3 .4 , 3.8 and 3.12. Note the reduction o f twist angle 
values throughout the blade with X increasing , which can also be observed in the lifting 
line design results. (In that case, P(x) decreases with E increasing, w hich is equivalent to 
increasing X, as can be seen in tables 1 a n d  2).
Figure 3.17 (taken from [9 ]) shows plots o f  Cpmax optimum turbines 
designed by momentum theory, versus th e  design point X and for various values o f B and 
C |/C D. Different points o f each curve o f  that figure represent different turbine designs, 
with the same number o f blades and lift-to -drag  ratio. Each turbine is designed to operate 
at a given tip speed ratio, and hence th e  dependence o f the Cp o f an  optimum turbine on 
the design point is revealed. From figu re  3.17, it is evident that with increasing number 
o f  blades, the Cpiintx produced by a tu rb in e  increases. This trend can also  be observed in 
tables 1 and 2. It can also be seen from fig u re  3.17, that for given values o f B and C l/C d , 
there exists a tip speed ratio (X ^ ) , fo r  which Cpmax gets its optim um  value, and that 
with further increase o f X, Cpmjix dec reases. This trend can also be observed in tables 1 
and 2, with E increasing. (As explained above, increase o f E causes X to  increase).
It can therefore be con c lu d ed  that the results o f  both theories agree 
qualitatively, since the same trends are observed.
3.3.3. Quantitative comparison.
For getting a more d e ta ile d  estimation o f the degree to which the two 
theories agree, three blade shapes w e re  compared, designed for the same operating 
conditions:
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• The first was designed by momentum theory without tip loss corrections, 
using a method presented in  [9].
• The second was designed by momentum theory with tip loss correcdons (ie 
use o f equation 3.3.3 and  th e  "simple" method). T hat was done in [23].
• The third was designed using  the lifting line design procedure.
All turbines were 3-bladed ones operating at Adcsign = 5.0. The NACA 4415 aerofoil was 
used in all three designs. For the m omentum theory blade design, the input parameters 
are A., B and C l(<xop,) and the outpu ts are the c(r) and |3(r) distributions, ie the optimum 
blade shape. The lifting line d esig n  procedure requires prior knowledge o f  the chord 
distribution. In order to find the optim um  blade shape predicted by the lifting line design 
procedure using equation 3.2.1 fo r  the blade chord, various turbines were exam ined, with 
various blade shapes, at a s ing le  operating condition (ie -^cicsiisn ~ 5.0) and the 
configuration producing the m axim um  Cp was sought. It was found to  be that appearing 
in table 2, for E=1.3. This tu rb ine produced the highest Cp o f all that w ere tested, since 
(as can be seen in table 2) its A^pl is equal to Adesign. Blades with larger values o f  E were 
found to produce less Cp at A=5, a s  their Aopl values are larger than Adesjgn. Therefore, in 
the lifting line design procedure, and for a given blade family, the optimum turbine to 
operate at a given tip speed ra tio  is  that for which Aop, = However, it cannot be
claim ed that the above m entioned chord distribution is the absolute optim um , since there 
are infinite different chord d istribu tions, other than those given by equation 3.2.1, that 
have not been tested. It is hoped  that if  this is true and another better chord distribution 
exists, it will only exhibit trivial differences from the one used here.
In figure 3.18, the chord distributions o f the three designs are shown. It 
can be seen that only trivial d ifferences appear up to x =  0.6. However, the differences 
become more pronounced approaching  the tip. M omentum theory without tip loss
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corrections gives larger b lade  chords close to the tip. Im plementation o f tip loss 
corrections increases the b lad e  taper which is still less than that required by the lifting 
line method. Also, use o f  tip  loss corrections with m omentum theory produces blades 
with tip chords equal to  ze ro , like those required by lifting line theory. The blade chords 
produced by the tw o la tte r procedures agree quite well. The lifting line design method 
probably predicts larger induced  velocities at the tip region and sm aller chord values are 
required.
Figure 3 .19  show s the twist angle distributions predicted by the three 
methods. The predictions ag ree  quite well from x = 0 .4  to x = 0.9. D ifferences occur only 
at the tip and hub reg ions. M omentum theory with no tip loss corrections gives the 
low est twist angles close to  the hub. because the hub  influence has not been taken into 
account. The largest tw ist is required at the hub region by the lifting line blade. This is 
due to  the fact that only the lifting line blade chord drops to zero at the hub region. At the 
tip region, both m om entum  theory m ethods give s im ilar results for p. The lifting line 
m ethod predicts a drop o f  P  at the tip region below the momentum theory values. This is 
caused by the large increase o f  u /V „  at the tip region. (See Figure 3.10, for E=1.3). The 
increase o f u /V „  at the tip  region (and the subsequent drop o f  p) can be supported by the 
findings o f references [31] a n d  [35]. In [31], the perform ance o f a blade designed without 
tip loss corrections, w ith Xdcsign = 5, B = 3 and using  the NACA 4415 aerofoil, was 
analysed using m om entum  theory with tip loss corrections. Figures 3.20 a and b 
(extracted from [31]) show  that the blade angle o f attack drops close to the tip, due to the 
vast increase o f  the axial induced  velocity at that region. It is evident that if  the blade 
w ere set at sm aller angles o f  attack at the tip region (like those required by the lifting line 
m ethod), the angle o f attack  w ould be closer to its optim um  value. Note that figure 3.20 b 
resem bles figure 3.10, fo r E =1.3. Also, in [35] the resu lts o f wind tunnel tests o f a  wind
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turbine model are presented. One o f  the conclusions of these experiments was that the 
values o f induced velocities close to the blade tips were m uch larger than those predicted 
by momentum th eo ry  with tip loss corrections. This also supports the lifting line design 
method findings.
F in a lly , the turbine Cp predicted by the three procedures is:
• M omentum th eo ry  without tip loss corrections: Cp=0.545. (Result from [32]).
• M omentum th e o ry  with tip loss corrections: Cp = 0.431. (Result from [23]).
• Lifting line d e s ig n  method: Cp = 0.403.
It is evident that a s  th e  tip vortex effects become more im portant in the calculations an 
increasingly conservative, estimation o f Cp results.
3.4. CONCLUSIONS.
T he m o st important conclusions from this study are:
1. The turbines designed by the lifting line method to operate in a purely axial 
flow have h ig h ly  tapered, waisted and twisted blades.
2. An increase o f  the number o f blades increases the maximum power 
produced by  th e  turbine, reduces the optimum value o f  tip speed ratio and 
does not a f fe c t significantly the shape o f the G , Uj /V „ , Vj /V „  and P 
distributions along  the blade.
3. An increase in  blade waisting (and thus taper), increases A.op, due to the 
turbine so lid ity  reduction. It also causes the blade loading to become more 
pronounced c lo se  to the hub, while it reduces the induced velocities close to 
the tip reg ion  lim iting the adverse effects o f the tip vortex. The reduction of 
chord w ith increasing blade waisting counterbalances the beneficial
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increase  o f  relative velocity and a blade chord distribution can be found 
(depending  on the num ber o f  turbine blades) that optim ises the turbine 
pow er.
4. An increase on the maximum chord value (ie o f  the blade width but not of 
the taper) increases the turbine loading and the strength o f the tip vortex, 
w hile  it reduces both the m axim um  Cp produced by the turbine and
5. Q u alitative com parison between the present design method and momentum 
theory  (both being used for designing conventional turbines) reveals that the 
resu lts  o f  both theories agree, since similar trends can be observed.
6. Q uantitative comparison o f the two m ethods reveals that when tip loss 
co rrec tions are im plem ented within m om entum  theory, good agreement 
w ith  predictions o f  the lifting line design m ethod is observed. However, the 
lifting  line m ethod suggests a requirement for blades with sm aller chord 
values at the tip region for the same operating conditions, and hence it 
p red ic ts a stronger tip vortex. The lifting line method gives a more 
conservative estim ate o f the maximum pow er produced by the turbine 
designed .
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Figure 3.3. Tangential induced velocity distribution along the blade. 
( B » 3 , c m„ / R  = 0.1).
Figure 3.4. Twist angle distribution along the blade. (B » 3, cm, x /  R = 0.1).
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Figure 3.5. C irculation distribution along the blade. (B = 10, cm>x /  R =0 .1).
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Figure 3.7. Tangential induced velocity distribution along the blade. 
(B = 10 .cm, x / R  =0.1).
Figure 3.8. Twist angle distribution along the blade. (B = 10, cmax /  R = 0.1).
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Figure 3.9. Circulation distribution along the blade. (B =  3 , c max /  R = 0.2).
Figure 3.10. Axial induced velocity distribution along the blade. (B = 3, cmax /  R = 0.2).
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F igure 3.11. Tangential induced velocity distribution along the blade.
(B = 3, c m„  /  R = 0.2).
Figure 3.12. Twist angle distribution along the blade. (B = 3, cmax /  R = 0.2).
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Figure 3.13. Dimensionless chord distribution for various values of E.
( C m « , /R - 0.1).
Figure 3.14. Dimensionless chord distribution for various values of E. 
(cm„  /  R = 0.2).
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Figure 3.15.
Blade chord-lift distributions 
fo r optimum perform ance 3- 
bladed wind turbines, (taken 
from [33]).
In these figures, x stands for 
tip speed ratio.
Hence;
3.15 a: X.» 6.
3.15 b :X »  8.
3.15 c :X -  10.
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B =  3 , Tip speed ratio = 5
Figure 3.18. Comparison between lifting line and m omentum theory  based blade design 
m ethods for a turbine w ith B=3, X^ffign = 5, aerofoil : N A C A  4415.
Blade chord distribution
" — •" : Lifting line design.
"— " : M om entum  theory with tip loss correc tions.
"— " : M omentum theory without tip loss correc tions.
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B = 3 , tip speed ratio = 5
Figure 3.19. Comparison between lifting line and m om entum  theory based blade design 
m ethods for a turbine with B=3, Assign = 5, a e ro fo i l : NACA 4415.
Twist angle distribution
M— ■" : Lifting line design.
"— " : M omentum theory with tip loss corrections.
" : M om entum  theory without tip loss corrections.
Chapter 3 Page 76
degrees
Figure 3.20. Angle o f attack (3.20 a) and axial induced  velocity distribution (3.20 b) o f  a 
turbine blade designed by momentum theory w ithout tip loss corrections, as predicted by 
momentum theory with tip loss corrections. (Taken from [31]).
Both plots are fo r optimum  tip speed ratio.
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PART B.
DELTA WING-TURBINE 
SYSTEM.
CHAPTER 4.
DESIGN AND PERFORMANCE 
ANALYSIS OF THE VORTEX 
TURBINE.
CHAPTER 4. DESIGN AND PERFORMANCE ANAL YSIS OF THE 
VORTEX TURBINE.
4.0. INTRODUCTION.
In this chapter the delta wing-turbine system is com pared with 
conventional turbines o f  various sizes, and the vortex turbine is redesigned to operate in 
the low Reynolds num ber regim e. T he turbine perform ance at off-design conditions is 
also predicted.
4.1. DESCRIPTION OF THE DELTA W ING-TURBINE SYSTEM.
It is well known that a slender delta wing with sharp leading edges 
produces at incidence a pair o f  vortices over its upper (suction) surface. The presence o f 
these vortices results in the production o f additional lift from the wing, called vortex lift. 
H ence, delta wings have been used as lifting surfaces for supersonic aircraft such as 
Concorde in order to provide ex tra lift in the take-off and landing stages o f the flight. 
The main geometric characteristics o f  a delta wing are its sweepback angle (4). and the 
configuration o f its upper surface. This may be flat, o r it may have chordwise or 
spanwise camber. The wing m ust also  have sharp leading edges in order to produce the 
vortices. The angle o f  attack ( a )  a t which the wing is set relative to the airflow is also 
essential. These characteristics o f  the wing are shown in figure 4.1.
The m echanism o f  vortex production has to  do  with the lift exerted on the 
wing at non-zero incidence. T he a ir flow ing around a  delta  wing set at an angle o f attack 
a  generates a pressure difference between the upper and lower surfaces o f the wing
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which is responsible fo r th e  lift production. Due to this pressure difference, the a ir  close 
to the leading edges o f  th e  delta wing flows from the lower to the upper surface in  m uch 
the same way as at the tip s  o f an unswept wing o f finite span. If  the delta wing e d g e s  are 
sharp enough, separation o f  the boundary layer occurs. This effect generates an  airflow  
which when separated fro m  the leading edge moves over the upper surface and tow ards 
the centreline. The air m asses close to  the wing surface and near the leading e d g e s  are 
sucked by the fast m ov ing  air above them and follow the flow in a  way that fo rm s  the 
vortices. (See figure 4 .2 ). T he flow, fed continuously from the leading edges on  m oving 
downstream, takes the fo rm  o f two vortices (one for each leading edge), conical in  shape 
and alm ost sym metric about the vortex cone centreline. (See figure 4.2). T h e  two 
vortices are the m irror im age o f each other and thus the flow is symmetric about a  plane 
normal to the wing surface , passing through the wing centreline.
A nother im portant feature o f the vortex flow is that the w ind velocity 
within the vortices is fo u n d  to be larger than that o f the undisturbed flow far upstream  o f 
the delta wing. Hence th e  flow  is "concentrated" from a  larger area (outside the vortices) 
into a sm aller one (in  th e  vortices). A  turbine operating within one o f the v o rtices  can 
take advantage o f the increase in wind velocity (and thus wind power). Hence, th e  delta 
wing can be used as a  "w ind  power augmentor". A delta wing with two tu rb ines on it 
(one operating w ithin ea c h  vortex) will be called a "delta wing-turbine system" hereafter. 
The idea o f  using a d e lta  w ing as a wind augmentor is not a  new one. Several studies 
have been carried out in  the past for developing this concept a s  well as surveys o f  the 
delta w ing flow (related to  aircraft wing development) and are presented in the follow ing 
section.
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4.2. REVIEW  O F  PREVIOUS W ORK ON THE SUBJECT.
Experimental tests o f  delta wing models for m easuring  the wind velocities 
within the vo rtices have been carried out in the past. (See references [36], [37] and [38]). 
The flow su rveys o f these references are rather lim ited in  scope and usually 
com plim entary to  more detailed m easurem ents o f the aerodynam ic forces exerted on the 
delta wings. T h e  first extensive flow  survey can be found in reference [39]. It was carried 
out by Sforza w h o  was the first to  put forward the idea o f  using  a  delta  wing as a wind 
pow er augm entor. Also, in [40], (by the same author), a p ro to type o f  the delta wing- 
turbine system  h as  been reported to be under construction fo r testing  the concept. Greff 
(see [41]) d esig n ed  a similar prototype but o f much larger size and  performed a cost 
analysis o f  the system . The work o f G reff appeared to be the la s t on the subject at that 
time. In both references [40] and [41], w ind turbines were designed  to  operate within the 
delta wing vortices. However, given the flow  complexity, a s im ple (and thus inadequate) 
design m ethod has been used based on blade element considerations. It was recognised, 
(see [42]) that p ro p er design o f the vortex turbine blades would significantly  improve the 
perform ance o f  the system.
D uring  the present author's studies for the MSc degree  at the University o f 
W arw ick (Jan. 1988-June 1989), an attem pt was made in o rd er to  develop further the 
delta w ing-turbine system (see reference [43]). A series o f w in d  tunnel tests o f delta 
w ing m odels w as carried out in order to measure the wind velocity  distribution within 
the vortices. T h e  velocity com ponents o f  the flow (for a cy lindrica l frame o f reference 
with its "z" ax is coinciding with the vortex centreline) w ere m easured  in more detail than 
in the previous investigations, and contour plots o f all velocity  com ponents in the 
vortices were obtained. From that investigation it was found th a t o f  the wings tested, the
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best results were produced by a 79° sweptback wing, set a t  an angle o f  attack o f 25°, and 
this was chosen to be used as an augm entor for the delta  w ing-turbine system. The pow er 
in the vortices produced by that wing was found to be 3 .2  times as large as that o f  the 
undisturbed flow , for the same area. O f the wind veloc ity  components, the axial was 
found to be the dominant one, (about 0.6 o f the total velocity), the tangential was less 
than the axial (about 0.3 o f the total) and the radial w as found to be the smallest (about 
0.1 o f  the total). The contour plots for all three com ponents are shown in figure 4.3. It is 
evident from that figure that all com ponents exhibit sign ificant radial variations w hile 
the tangential and radial ones vary considerably with az im uth . More details about these 
experim ents can be found in the author's MSc thesis, (43], and  also in [44].
Using the information obtained by the w in d  tunnel tests, the vortex turbine 
was designed using a lifting line design procedure, w hose principles have been analysed 
in chapter 2. T he incoming flow  to  the turbine was taken  to  be the azimuthal average o f 
the axial and  tangential velocity distributions. (See fig u re  4.4). The radial com ponent 
was neglected as it was not expected to have any s ignificant effects. The turbine was 
assum ed to be situated at 0.8c downstream o f the w ing  apex (c is the wing centreline 
length), with its axis coinciding with the vortex cen treline for obtaining the m aximum 
flow  axisym m etry, and with its diam eter (D) being equa l to  c/6.4. A lso, the turbine was 
assum ed to rotate in the same direction as the vortex flo w  and with a  rotational speed 
larger than that o f the flow. The best design produced by  tha t procedure was a 15-bladed 
turbine with strongly tapered, tw isted and narrow blades. It was found to operate at X.=8. 
T he aerofoil used for the turbine blades was NACA 4412.
For the case o f  the vortex turbine, Cp ca n  be defined in tw o ways. The 
standard definition is:
Chapur Pag, II
Turbine power
3.2 ( ì  p  V Ì ti R2) (4.2.1)
T he above equation is derived from (2 .3 .2 ). The power o f the undisturbed flow upstream 
o f  the wing is m ultiplied by 3.2 w hich is  the power increase in the vortices. T hus, the 
pow er o f  the flow attacking the turbine is  obtained. The o ther definition is:
The latter definition o f  Cp includes in th e  C p value the pow er increase caused by the delta 
wing vortices. For the above m entioned  turbine, Cpturbine =  0.439, while C ^ ,yitem = 
1.406. In the case o f  the delta w ing-turb ine system, (unlike the conventional turbines 
designed in chapter 3), a m ulti-bladed turb ine operating at a high tip speed ratio  can be 
used, due to the wind velocity increase w ithin the vortices. M ore details about the vortex 
turbine design can be found in [43] an d  a lso  in [21J.
com pared with already operational conventional wind turbines fo r assessing the system 's 
suitability for large scale applications, a s  might be used for input to the N ational Grid. 
T he com parison is done using the fo llow ing  important param eters: The relative sizes o f 
the delta wing and the reference turbines; the ratio o f rated pow er to turbine sw ept area; 
the ratio o f the system 's rotor swept a rea  to  the conventional turbine swept area; and the
T u rb in e  power
(4.2.2)
The work to be presented in the rest o f  this chapter is a direct continuation
o f the above m entioned design work.
4.3. INVESTIGATION OF THE D E LTA  W ING-TURBINE SYSTEM S 
SUITABILITY FOR LARGE S C A L E  APPLICATIONS.
In the following work, the delta wing-turbine system is scaled-up and
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delta wing area compared with the surface area o f the reference turbine tower.
4.3.1. Presentation of the scaling-up method.
Four reference conventional turbines were used. They are:
•1. Polenko W PS8 (15 kW )
•2. Aiolos 33 (55 kW )
•3. Aiolos 100 (100 kW )
•4. W EG M S-3 (300 kW )
T he characteristics o f  these  turbines are show n in tables 1. 2 , 3 and 4  respectively, 
together with the system  scaling-up results fo r comparison.
It is ev iden t that the rated electrical power (Pe) o f the system and the 
conventional turbine w ith  w hich it is being com pared m ust be the same. W ith the power 
output given, the d im ensions o f  the delta wing and the turbines can be calculated on the 
basis o f the design resu lts  presented in the previous section and  com parisons can follow. 
T he rated electrical p ow er o f  the system is given by:
p. -  p  v „ s  cplyllCTn n, n ,  x  R2 (4.3.1)
In the above formula, Pe is equal to twice the power produced by one turbine (see 
equation 4.2.2) since the system  was assum ed to  have tw o turbines, one for each vortex. 
A lso, q , and q g are the gearbox (transmission) and generator efficiencies respectively. 
Use o f  gearboxes was assum ed because, although the vortex turbine tip speed ratio  is 
high enough to obtain d irec t coupling to a generator for sm all turbine diam eters (low er 
than 2m), for large turbine diam eters which resu lt from the system  scaling-up, the turbine 
rotational speed decreases and direct connection to a generator is not any more possible. 
In  equation 4.3.1, the fo llow ing  parameters m ust be determined:
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a) Cp gyMem. As will be seen later, the delta w ing will be a large structure, and its 
apex m ay be at a height gra ter than 20m. Therefore, w ind shear effec ts are considerable. 
T he fact that along the w ing's leading edges the undisturbed wind velocity  varies due to 
wind shear effects is expected to influence the vortices. W ind shear effects on the delta 
wing vortices were experim entally investigated in [45] by testing a delta wing model 
(w ith sw eepback  angle equal to 79°) in a wind tunnel. T he result from  that study was that 
although proxim ity o f the delta wing to the ground (without a w ind  shear present) 
increased the wind velocity  within the vortices, when a wind shear was added the 
beneficial g round plane effect was counterbalanced by the wind shear effect, leaving the 
w ind velocity  within the vortices nearly the same as that shown in figure 4.3. Therefore, 
the turbine C p is not expected to change considerably when a wind shear is present. T he 
value o f  1.406 was used for the power coefficient, derived  from the design  work o f [43].
b) t\, and  tis. Typical values o f  T|t = 0.8 and T)g *  0.8 were chosen. Hence, 64%  o f  
the m echanical power produced by the turbine is converted to electrical. This is a fa ir 
assum ption, since most conventional turbines have overall efficiencies o f  25% to 30% , ie 
Cp t | ,  T)g =  0 .25 to 0 .30 and  with Cp -  0.4, this im plies that rj, q g = 0 .625  to 0.750.
c )  V R. Determ ining a reasonable value fo r the rated w indspeed (VR) is very 
im portant, since Pe ~  V R3. The wind regime at w hich the delta wing-turbine system  
operates m ust be related to  that o f  the reference turbine, for a fa ir comparison. T he 
system 's turbines are expected to operate at a low er rated windspeed than that o f  the 
conventional turbine with which they are being com pared because the former are closer 
to the ground. Since the delta wing is tilted in pitch how ever, it "catches" fast-moving air 
from h igher altitudes and directs it dow nw ards, tow ards the turbines. W ind shear effects 
were taken into account when determ ining the rated w indspeed for the system. This was 
done as follow s: The VR value for the reference turbine (ie the undisturbed windspeed at
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case 4  with Pe =  300kW . In each case the system  VR is different, calculated from (4.3.3) 
in order to  m atch the flow  the reference turbine is experiencing. From tables 1', 2, 3 and 4 
it is evident that with Pe increasing, the system 's turbine radius increases. Comparison
TABLE 1 CASE 1 
Pe = 15 kW
Della wing-turbine system Reference turbine: Polenko WPS8
v . 10.5 m/s 12 m/s
R 1.9 m 4.25 m
D 3.8 m 8.5 m
c 24.32 m
s 9.45 m
h 13.28 m 16 m
n 430.22 rpm Not known
B __________ 12_______________ __________________________________
-661 .3  W/m2
2*R2
P.
*  264.3 W/m2
n R ^
“ *  -1 .4 .9  m1 
Area * r  -  ,o ,9 "■
TABLE 2 CASE 2 
Pe = 55 kW
Delta wing-turbine system Reference turbine: AlOLOS 55
v , 12 m/s 14 m /s
R 3.1 m 7.75 m
D 6.2 m 15.5 m
c 39.7 m
s 15.4 m
h 19.78 m 24 m
a 295.7 rpm 56 rpm
B 15
- ^ 5  -910.9 W/m2 - A -  -  291.5 W/nf 
2*R | nR^, - J , i
: 305.7 n/ T™ ' : 27. 7 m2
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between tables 1 and 5 reveals that the system's turbine radius decreases for the same Pe 
and  with V R increasing. For each case, the ratio [rated  power]:[turbine swept area] was 
calculated as an indication o f  the system's perform ance and it was compared w ith that o f 
the reference turbines. F o r the system , P ^ t t R 2 was calculated, since tw o turbines are 
used. It was found that P J l n K 2  increases with VR increasing (since Pe ~  VR3). For the 
reference turbines, P ^ j t R ^  was calculated. It was also found to increase with VR 
increasing for the turbines o f  cases 1, 2 and 3. Com paring cases 1 and 4 reveals that the 
W EG  M S-3 turbine has a higher P ^ jiR ^f2 than the Polenko turbine. This is due to the 
technology im provem ent in turbine design and construction that has taken place in the 
recent years. Polenko W PS8 is a rather old turbine, w hile W EG  MS-3 is a recent state- 
of-the-art turbine with better blade quality and generator-transm ission efficiencies than 
the former.
TABLE 3 CASE 3 
Pe = 100 kW
Delta wing-turbine system Reference turbine: AIOLOS 100
v . 12.9 m/s 15 m/s
R 3.7 m 9.5 m
D 7.4 m 19 m
c 47.36 m
s 18.41 m
h 23.0 m 30.0 m
a 266.35 rpm 52 rpm
B 15 3
-1162.6 W/ffl2 P,
kr;
-  3S2.7 W/m2
iiR2,
— %  = 3.3 
2*R2
Dd"  *” * : m ,  m* To- “ : 4,7.9Area
Comparison o f  the delta wing system and  the reference turbines reveals 
that the system requires less turbine swept area than the conventional turbines (for the 
sam e power output). As a com parative indicator, the ra tio  t c R ^ ^ n R 2 was ca lculated for
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all cases. The ra tio  is alw ays larger than 1.0 and  its highest value is that fo r case 3. Its 
low est value is 1.36 for case 4  showing once m ore the im proved perform ance o f  the 
W EG  MS-3 turbine. A nother very im portant param eter is the overall size o f  the system. 
TABLE 4  CASE 4
I f  the system is physically larger than the equivalent conventional turbine, it is not 
expected to be cost-effective, as more m ateria l w ill be needed for its construction. T o 
determ ine this, the overall dim ensions o f  the system  were com pared with those o f  the 
reference turbines. Figures 4 .5 , 4.6 and 4.7 show  sketches o f  the system s and equivalent 
turbines for cases 1, 3 and 4  respectively. F igures 4.5  and 4.6 show  that the system s 
com pare favourably with the reference turb ines. T heir turbines are sm aller and closer to 
the ground which m akes installation and m aintenance easier. T he delta  wing center o f  
m ass is lower, w hich is an advantage. H ow ever, large delta wings are needed. T heir 
centreline lengths are: 24.3m for case 1 and  47 .4m  fo r case 3. T he vertical height (h) o f  
the delta wing apex is 13.3m and 23.0m fo r cases 1 and 3 respectively. T hese heights are 
sm aller than the tow er heights o f the equivalent reference turbines, as shown in figures 1
Chapter* Page M
and 2. Also, the delta w ing spans fo r cases 1, 2 and 3 are about the same as the 
equivalent reference turbines' rotor diam eters. As an indication o f  the material required 
for construction, the delta wing area was com pared with the reference turbine tow er 
surface area. For cases 1, 2 and 3 the tw o areas are about the same. Therefore, it can be 
concluded that the delta wing system is o f  com parable size with a conventional turbine 
producing the sam e power up to lOOkW.
However, com parison betw een the system and the W EG MS-3 turbine 
(see figure 4.7 and table 4) is in favour o f  the latter. This is due to the enormous size o f 
the delta w ing required. Although the delta  wing turbines are sm aller in diam eter than the 
W EG M S-3 rotor, the delta wing centreline is 128m long and the wing apex height is 
about 57m  above the ground, while the W EG MS-3 turbine tow er height is only 25m. 
The increase o f  the delta wing relative size com pared to the reference turbine for case 4 
is caused by the decrease in the (tow er height]:[rotor diam eter] ratio with Pe increasing 
for the conventional turbines. As shown below:
Polenko W PS8: h/D = 1.88 
Aiolos 100: h/D = 1.57 
W EG M S-3: h/D = 0.76
Unlike conventional turbines, the ra tio  o f (delta wing centreline]:(rotor diam eter] 
remains constan t (c/D=6.4) and this causes the increase in the delta wing relative size.
4.3.3. Changes In the system's design for increasing the turbine rotational 
speed.
As can be seen from tab les 1, 2, 3 and 4, for all cases the system turbines 
operate at a  rotational speed low er than 500  rpm which is considered as the lowest value 
o f a generator's rotational speed for it to  operate efficiently. (See also reference (47]).
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Therefore gearboxes are necessary. However, the rotational speed o f the system turbines 
is much higher than that o f  the equivalen t reference turbines. For exam ple, for case 2 , we 
get: Q/£2jef=5.4. This m eans that low er step-up ratio gearboxes will be necessary for the 
system turbines. This should reduce the gearbox w eight and improve its efficiency [48]. 
How ever, it will also be noticed from  tables 1, 2 , 3 and 4 that the system's turbines 
operate at rotational speeds which are close to the 500  rpm threshold (especially that o f 
case 1). Alterations to the system 's design were attem pted for increasing f t  and m aking 
direct coupling o f  the turbines to generators possible. O ne alteration is to mount the 
system on a tower. This would increase VR and since a low er turbine radius w ould be 
needed for the same power output, f t  should increase. M ounting the system on a tow er 
w as considered practical only fo r the 13kW case w here the smallest delta wing is 
required. In table 5, the characteristics o f a system m ounted on a 16m high tower.
TABLE 5 CASE 5
IS kW. System on top o f a 16m high tower.
Delta wing-turbine system Reference turbine : Polenko WPS8
VR 12 m/s 12 m/s
R 1.6 m 4.25 m
D 3.2 m 8.5 m
c 20.5 m
s 8.0 m
h 24.86 m 16 m
n 572.9 rpm Not known
B 15 3
-^ 4  -932.5 W/iit 
2*Rl
P, -  264.3 w/m1
HR*
producing 15kW o f  power are show n. The delta w ing dim ensions are about 16% sm aller 
than that o f  case 1. The turbine's rotational speed is 572 .9  rpm  and for that case direct 
connection to a generator is possible. Furthermore, there would appear to be no reason
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w hy the system should not be m ounted inverted, with the apex low er than the trailing 
edge and turbines suspended beneath the delta wing. A s well as facilitating easier access 
fo r maintenance, the turbines w ould be substantially sheltered from rain.
TABLE 6
AEROFOIL : NACA 4412
-  4° • W  -  °-85 • <y*w> - o a n -
Rotational speed for various turbine configurations
Turbine X
1 - 2
S — - 1 ° "
B -3
q .__-  1.201
2 -  13.0With direct coupling
1332
2 -  *3
With direct coupling 
psfsmmce.mjro.e.
<V— -'40*
2  •  to
S —  1  -  1123
V,- 10.7 m/» 
D - J »ni
968 rpm 699.1 rpm 510.9 rpm 430.2 rpm
CASE 2 
It -  3 1 m 
V- 12 mA 663 ipm 480.5 rpm 351.2 rpm 295.7 rpm
R -  3.7 m 
V,- 12.*mA
D •  7 4 m
599.3 rpm 43Z8 rpm 316.3 rpm 266.4 rpm
CASE 4 
V,- ».3 mA
D -  20m
163.3 rpm 117.9 rpm 86.2 rpm 72.6 i,—i
Tip M*ch 
Numbs 0.50 0.36 0.27 0.23
Another way o f  increasing f t  is to reduce the num ber o f  turbine blades. As 
explained in [21] and also  in chapter 3, a reduction o f  the num ber o f  turbine blades 
reduces the turbine aerodynam ic efficiency. However, if  due to the increase in f t ,  direct 
coupling to  a generator is possible, T), =  1.0 and the system  overall efficiency (CpTl,Tlg) 
m ay increase. In table 6, the rotational speed o f the system turbines fo r cases 1, 2, 3 and 
4  w ere calculated when 2-bladed, 5-bladed and 10-bladed turbines w ere used. For this 
ca lculation, the turbine radius was taken to  be the same as that o f  the original design (ie 
the 15-bladed turbine version) fo r all cases and the pow er output was allowed to  vary. 
For case 1, it can be seen from tab le 6  that f t  is larger than 500  rpm  and hence direct 
coupling is possible fo r all turbine versions mentioned above. How ever, only the use o f a 
5-bladed o r a 10-bladed version im proves the system 's perform ance com pared to the
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system with the 15-bladed turbines. Use o f a 10-bladed turbine seem s quite attractive, 
since CpTljl, increases by 15%  compared to the original design. For case 2, it is possible 
to achieve direct coupling using  the 2-bladed turbine. Use o f  5-bladed turbines gives a 
value o f £2 o f 480.5 rpm w hich  is just below the 500 rpm m inim um  a t which direct 
coupling can be considered. For case 3, only 2-bladed turbines can produce a high 
enough £2, while for case 4, gearboxes are necessary. It can therefore be concluded that 
direct coupling o f  the system 's turbines to generators can be advantageously be achieved 
by reducing the num ber o f  tu rb ine blades for system s with turbine diam eters up to 3.7m.
4.3.4 Conclusions.
The most im portant conclusions draw n from this study are:
1. Compared with equivalent conventional turbines, the delta wing-turbine 
system requires low er total turbine swept area for the same pow er output.
The two turbines operate closer to the ground which reduces erection and 
m aintenance costs. T hey  also operate at higher rpm and hence can be more 
efficient.
2. The delta wing required  may be a large structure. T his could  be a 
disadvantage if the m ateria l needed for its construction is more than that of 
the equivalent conventional turbine. The relative delta wing size com pared 
to the size o f the reference turbine tower, increases with increasing power 
output as a result o f  the tow er height to turbine diam eter ratio dropping with 
increasing power output for conventional turbines.
3. Comparison between the delta wing-turbine system and the conventional 
turbines favours the fo rm er for lower pow er outputs (15 kW  to 100 kW)
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and the latter for higher power outputs (300 kW  and above).
4. A lterations in the system 's design can elim inate the need for gearboxes. 
M ounting the system on a tower is an attractive solution fo r the case o f 
15kW o f  rated electrical power, with the possibility o f  inverting the system 
to facilitate better tu rb ine access and to  provide some rain protection to the 
turbines. Reduction o f  the turbines' num ber o f  blades can also m ake direct 
coupling to generators possible, producing a net perform ance im provem ent 
in sm aller systems.
5. A dvantages and disadvantages o f the system com pared to equivalent 
conventional turbines:
Advantages:
• Smaller rotor area fo r a  given rated power.
• Rotors operate at large r rotational speeds. T his enables use o f  ligh ter weight 
and m ore efficient gearboxes, o r if  alterations in the system 's design are 
im plem ented, gearboxes can be elim inated (for pow er outputs 
approxim ately up to  lOOkW).
• Rotors are closer to  the ground. This reduces erection and m aintenance 
costs.
Disadvantages:
•  The only disadvantage is the large delta wing needed. However, fo r sm aller 
pow er turbines, (15-100 kW ), the overall sizes o f equivalent m achines are 
com parable.
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4.4. DESIG N OF V O R TEX  TURBINE TO  O PERATE IN THE LOW  REYNOLDS  
NUM BER REGIM E.
The decision  was made to design and build a delta wing-turbine system 
prototype for proving the concept and assessing the accuracy o f the turbine design 
m ethod. T he vortex turbine o f the prototype was chosen to have a d iam eter o f  1.2m. 
R eynolds num ber effec ts become signficant fo r turbines o f  sm all sizes, and the prototype 
vortex turbine was redesigned taking into account Re effects. T he modifications 
necessary to  the original turbine design are described in the following.
4.4.1. Reynolds number effects.
The delta  wing-turbine system was originally designed for large scale 
applications assuming that Reynolds num ber effects were negligible. This assum ption is 
true fo r the delta wing, since vortex generation is Re-independent as long as the leading 
edges are sharp enough to  produce a totally separated flow. The only effect Re m ay have 
on the vortices is lim ited to  their viscous core and the occurrence o f  vortex breakdown 
which is not o f  interest from  our point o f view.
The vortex turbine on the o ther hand, is greatly affected by Re: T he Cp 
produced by a turbine is a  non-dim ensional quantity  and it is desirable for it to  be scale 
independent. However, in reference [49], Cp was found to vary considerably with turbine 
diam eter, especially fo r sm all scale rotors (less than 2m in diam eter), reflecting the 
effects o f  varying R eynolds num ber based on chord  length (chord Re) on the aerofoil 
characteristics. These effec ts are caused by the boundary layer behaviour o f aerofoils at 
low  values o f  Re (typically  below 10s).
As explained in references [50], [51], [52] and [53], the boundary layer of
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an aerofoil upper (suction) surface starts by being lam inar (assuming a smooth aerofoil 
surface and low free stream turbulence). D epending on Re, it may o r m ay not trip to 
turbulent. For low  values o f Re, the boundary layer is still laminar beyond the minimum 
pressure point and i f  the pressure gradients are m ild  enough, the flow can be completely 
lam inar throughout the aerofoil. As the angle o f  attack increases, the adverse pressure 
gradients becom e steeper and lam inar separation o f  the boundary layer is inevitable. At 
very low Re, (below  3x1o4), this separation can cover the entire rear o f  the aerofoil thus 
causing a severe reduction o f d C ^ d a  and an increase o f CD. For higher Re values 
however, the separated lam inar boundary layer undergoes transition to turbulence as the 
free shear layer generated by separation is m ore transition susceptible. T he subsequent 
turbulent entrainm ent o f  high-speed fluid causes the flow to reattach to  the surface, 
form ing a separation bubble, which is the m ost im portant characteristic o f low Re 
boundary layers on  aerofoils. Downstream o f  the reattachm ent point, the new ly formed 
turbulent boundary layer is capable o f  negotiating quite severe adverse pressure gradients 
without separation. T his allows for some pressure recovery downstream  o f the 
reattachm ent point and hence to an improvement in the C J C Q  ratio o f the aerofoil. For 
very large Re values (beyond 106), transition to  turbulence can occur before the 
m inimum pressure point and the separation bubble can be avoided. As was pointed out 
by Charm ichael [32], the bubble length (ie the distance from separation to  reattachment) 
can be expressed as a Reynolds num ber o f abou t 5x1o4. This is consistent with the 
general observation that the critical Re value o f  an aerofoil is about 7x1o4. Below this 
value, the aerofoil is physically too short for the bubble to form and its (C l/C q) ^  is very 
poor. Beyond the critical Re value, acceptable values o f (C l/C q) ^  can be obtained and 
they increase rapidly with Re increasing. T his can be explained as follows: For a 
supercritical aerofoil o f  chord Re equal to 7x1o4, the separation bubble covers a large
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portion o f  the aerofoil upper surface and changes the pressure distribution by effectively 
altering the shape o ver which the outer potential flow is developed. Hence, the sharp 
suction peak predicted by potential flow theory is not realised and a suction plateau o f  a 
reduced level extends o ver the region occupied by the bubble. W ith Re increasing, the 
relative bubble length (w ith respect to the aerofoil chord) decreases allow ing for 
increasingly more suction to  be obtained which in turn im proves the aerofoil 
perform ance. Re effects become negligible for Re > 2x10s . T he Reynolds num ber 
regim e below 10s is usually called "low Re regim e".
W ind turbines o f small diam eters (below 2m ) with high aspect ratio blades 
can  have subcritical blade chord Re values resulting in reduced efficiency. Indeed, the 
chord  Re values o f  the vortex turbine when scaled-down to the prototype size (ie D  = 
1.2m ) and for a value o f  V „ *  10 m/s w ere found to range from 5X104 at the hub to 
4X104 at the tip. For these values o f Re and fo r the aerofoil chosen (NACA 4412), (C ^  
C D)opc was found to be about 23, (see reference [25]), while for the original design for 
w hich Re was taken to  be equal to 3X106, the NACA 4412 (C l/C d)op, was about 100. 
T he Cp prediction for the prototype vortex turbine (using the lifting line design procedure 
o f  [43] with (C l/C d^ p, -  23) was found to  be 20% less than that o f  the original design 
(w ith (C i/C d) ^  =  100). Therefore, modifications to the original design were necessary 
fo r im proving the prototype turbine's efficiency.
4.4.2. Modifications in the blade design procedure.
The lifting line blade design procedure used for the high Re vortex turbine 
design  in [43] was also  used here, with som e m odifications. The derivation o f equations 
as w ell as the steps o f  the iteration have been presented in chapter 2.
For the analysis o f the bound circulation (G ) and induction factors (iw ) in
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the fourier series the numerical integration method has been used, since for the case of 
the vortex flow , it was found to  produce satisfactory results. T he following formulae 
have been used for the fourier coefficients Gm and !■**„:
G m =* ^  j  G(4>) sin(m<>) d<J>
o
£<♦> -  1  /  V,<* • *o> “ S( " V  “ V  " * 1 . 2 ..........N
0
(4 A A) 
and
C'<*> *  U *  • V  <**b
o
The integrals in the above equations were num erically ca lculated using the Sim pson's 
method. 30 coefficients were found to be necessary for the analysis o f  both G  and  iM. 
For estim ating each coefficient, 61 points along the blade w ere used in the numerical 
integration method.
The incom ing flow velocity distributions w ere taken to  be those show n in 
figures 4.4. (A xial and  tangential com ponents).
The relaxation technique described in chapter 3 (equation 3.1.1) was found 
to  be necessary for achieving convergence for values o f  cmax/R  larger than 0.15.
F inally, for incorporating Re effects in the design procedure, the following 
m odification was applied: A fter convergence was achieved and before C p was 
calculated, the values o f chord Re along the blade were estim ated using the local flow 
results and the blade chord distribution. For each blade station, C D( a opt) was calculated 
from data as a  function o f Re:
Chapter 4 Page 97
C ^ ,  Re s  7x10
‘V < V - Re> 7x10* < Re < 9x10* 
Re 2  9x10*
(4.4.2)
w ith  CD1, CD2 , CD3 depending on the aerofoil section used each time.
M ost o f the turbines designed had a chord distribution given from equation 
3.2.1 w hich produces w aisted and tapered blades. However, some blades with linear 
taper distribution (and no waisting) were also tried. The diam eter o f all turbines was 
taken as 1.2m and the VM value was chosen to be 10 m/s.
4.4.3. Changes in the turbine blade design.
There are tw o w ays o f improving the perform ance o f the prototype turbine 
a t its low Reynolds numbers. One is to improve the aerofoil section performance by 
using a  more suitable low  Re aerofoil. The other is  to improve the (C j /C u J ^  ratio by 
increasing the chord Re tow ards supercritical values , and by adjusting the value o f a ^ ,  
along  the blade according to  the local chord Re. T he attempts made in all directions are 
presented below. All low Re turbines designed w ere compared with the original high Re 
turbine design which will be called "reference turbine” hereafter and whose turbine 
pow er coefficient is Cpiref »  0.439.
1. Change of aerofoil section.
Information about low Re aerofoils w as obtained from references [54] and 
[55]. Five sections w hich seemed the most prom ising were selected and tested. For each
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aerofoil, the m aximum perform ance o f  a  10-bladed turbine with Cq = 0.03 and E = 1.3 in 
equation 3.2.1 was estim ated (using the above mentioned design procedure) and the Cp 
results were com pared with c p.ref- T he characteristics o f  each aerofoil together with the 
investigation results are shown in table 7. From this table it is evident that the larger the 
aerofoil the lower is the X at which Cpm4X is achieved. This happens because
with Ci/ctopt) increasing the induced drag also increases. The values o f  induced
TABLE 7
B = 10 , q ,  = 0 .0 3 , E = 1.5 , R = 0.6 m , V „ = 10 m/s. Data referred lo Re = 6 xl04.
Aerofoil : NACA 0012 FX M2 GOE 795 E 193 SOKOLOV
a °t* : 6° 3°
6° 11° 10°
q . « v : 0.625 0.725 0.80 1.08 1.12
« V C dW 25.0 32.5 40.0 39.0 52.0
A C ,* -17.1% -14.8% -9.0% -10.7% -12.7%
X • • 7.6 7.25 7.0 6.0 5.25
•AC, - « V  c „ . , v c „ „  * >°o-
* • this s the lip speed ratio at which Cp>fn„  is achieved.
velocities (uit v 8)  for the same X and different C ^ a ^ )  values change in proportion with 
C L( a opc). The best Cp result is achieved for the G O E 795 section. The aerofoils with 
low er 0 , ( 0 ^ * )  (ie NACA 0012 and FX M 2), although they operate at higher X and 
subsequently have higher chord Re, do  not produce more Cp since their (C l/C d)op, values 
are poor even at relatively high Re. O n the o ther hand, the high lift aerofoils (ie 
SOKOLO V and E 193) produce less Cp than G O E  795 even though they have higher 
(Cl/C d ),^,, ratios. This can be explained by com paring the SOKOLOV and G O E 795 
sections. In table 8, the values o f  Re and (C l/C d),^* for the tw o aerofoils are shown for
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TABLE 8
B =  10 , C „  = 0.03 , E =  1.5 , R =  0.6 m , V„ 10  m/s.
A e r o fo i l: GOE 795
S  7
A erofoi : SOKOLOV 
- 5 .7 5
r/R Re ( a t X ^ « V C qW . (“ V Re ( «  K p J <“ V
0.4 100,000 55 80,000 56
0.9 50,000 35 40,000 10
two radial stations along the blade fo r the value o f X fo r which each turbine achieves 
Cp,m„ -  It is clear that the turbine with the SOKOLOV section operates at lower X (due to 
the high C i/a ,^ ,)  value) than that w ith the G O E 795 section. At a low er X however. Re is 
also low er and hence (Cl/C d )op, rem ains low er or equal to that o f  G O E 795, resulting in 
the production o f less Cp. T he aerofoil chosen to  be used for the prototype turbine design 
is G O E 795 which has a m oderate 0 , ( 0 ^ )  that keeps the induced drag at low levels. At 
the sam e tim e, it has sufficiently high (C l/C d)op, to produce the largest Cp from all the 
turbines presented in table 7. H ow ever, its C„ value is still 9 %  less than C pref.
2. In c re a s in g  Re
A lthough the G O E  795 section has a better perform ance than the NACA 
4412 aerofoil (w hich was used fo r the reference turbine) at low Reynolds numbers, the 
values o f chord Re for a 15-bladed turbine with C0 = 0.015, E = 1.5 (ie the reference 
turbine blade param eters), w ith D = 1.2m, V „ = 10 m /s and using G O E 795 are still 
subcritical. As show n in table 9 , co lum n 1, the Cp produced by by such a turbine is 
12.5% less than Cp ref. The Cp can im prove if  the chord Re becom es supercritical. This 
can be achieved in two ways.
a l  Increasing the blade chord length.
A turbine with blades o f  chord  length to radius ratio three times larger than
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TABLE 9
R = 0.6 m , V_ = 10 m/s. Aerofoil : G OE 795
1 2 3 4 5 6 7 8
B * 15 
q , =0.015 
E = 1.5
B *  10
C0 = 0.030 
E »  1.5
B =■ 9 
<^= 0.030 
E =  1.5
B = 8
C0 = 0.030 
E *  1.5
B = 8
C^= 0.062 
E = 1.0
B = 5 
S> = 0.045 
E =  1.5
B =  10 B = 10 
Variable
A C^* -12.5% -9.0% -10.4% -12.0% -22.5% -19.6% -6.3% -4.7%
X • • 8.0 7.0 7.25 7.5 5.25 7.5 6.75 6.75
' 4C.  -  « v  « w * , -  * ' “ >
• •  th is  is the tip speed ratio at which C ^ , .  is achieved.
that o f the reference turb ine was tested. The num ber o f blades was reduced to  5, so that 
the turbine solidity w ould  be the same as that o f the reference turbine. That was 
necessary in order to  keep  the turbine tip speed ratio at the same high levels (betw een 6 
and 8) and thus m ake d irec t coupling o f the turbine to a generator possible. As shown in 
table 9 , colum n 6 , a lthough the chord Re is supercritical thoughout the blade, the Cp 
value was found to  be considerably lower than Cpref (-19.6%). The Cp was reduced as a 
result o f  the reduction in num ber of blades. For better results, more blades were needed 
o f  sm aller chord, and three more turbines were tested: A 10-bladed, a 9-bladed and an 8- 
bladed one. Their chord-to-radius ratio was double that o f the reference turbine. The 
waisting distribution w a s kept the same as that o f  the reference turbine (ie E=1.5). It was 
found (see table 9 , co lum ns 2, 3 and 4) that the 10-bladed turbine produced the best 
results. The chord Re w as found to be supercritical for the inboard 80% o f  the blade (for 
optimum  conditions). T h e  turbine was found to operate at X = 7 and to produce a Cp 9% 
less than Cpref. The o th e r tw o turbines operate at marginally larger X  ( X  increases w ith B 
decreasing) and produce less Cp (this being an effect o f the reduction in the num ber o f 
blades).
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b) Reduction in taper.
A nother way to increase Re close to the tip is the reduction o f  taper. An 8- 
bladed turb ine was tested with c/R  = 0.062 sin<|>/x. It had the sam e m axim um  chord as 
the 10-bladed turbine, but the chord was considerably larger a t the tip region. (See figure 
4.8). The vast increase in the tip vortex strength (ie the u { and  v t values close to the tip) 
dow n-graded the turbine's efficiency, causing it to operate at low er A. (=5.25) and 
produce 2 2 .5%  less Cp than CPiref. (See table 9, colum n 5). Several o ther turbines were 
also tested, hav ing  values o f E between 1.0 and 1.5. They all had considerably larger 
chord at the tip  region com pared to the 10-bladed turbine and as a  result, they produced 
less Cp. A 10-bladed turbine with linear chord distribution (ie  no waisting) was also 
tried. Its ch o rd  configuration is shown in figure 4.8. It can be seen that the linear taper 
blade and the blade with Cq = 0 .03, E  = 1.5, have alm ost the sam e chord from x = 0.9 to 
x = 1.0. T h at should keep the tip vortex strength at the sam e levels for both turbines. 
However, the linear taper blade has larger chord from x = 0 .4  to  x = 0.9. T hat should 
increase the lo ca l Re values in that region. As can be seen in tab le 9 , colum n 7, the linear 
taper turbine operates at A = 6.75 and produces a C p 6 .3%  less than C p je { . This 
improvem ent in  the turbine performance is a result o f  the increase o f Re in the region
0.4 £  x £  0 .9 . It can be therefore concluded that a turbine with linear chord distribution is 
more suitable a t  the low Re regime.
F or the G OE 795 aerofoil, the value o f a,,,* depends on Re at the low 
Reynolds n u m b er regime. With Re increasing, the boundary layer on the suction side o f 
the aerofoil rem ains attached for increasingly large angles o f  attack , and as C L increases 
more rapidly than  C q , a opt (and (C l/C d )opi) increases. The turb ines presented in table 9, 
colum ns 1 to  7 , were designed assum ing that a opl =  6°. This value o f  a  opl is achieved
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w h e n  Re = 6X104. However, the values o f Re vary  along  the blade from 105 at x -0 .2  to 
4X104 at x-0 .9 . A s a further im provem ent in the turbine blade design , a opl was allowed 
to  vary  linearly from 7° at the blade hub, to 5° a t the tip, so that the largest part o f the 
b lad e  would operate at optim um  angle o f  attack. A  turbine with linear chord distribution 
(l ik e  the one in table 9, colum n 7) and with the above m odification implemented was 
tes ted . As shown in colum n 8 o f table 9 , a further im provem ent o f  Cp was achieved: Cp 
w a s  found to be 4.7%  less than Cp ref at X.=6.75.
The turbine chosen to be used for the delta w ing-turbine system prototype 
is th a t with the linear chord distribution and variable a ^ .  Its characteristics are shown in 
ta b le  10. It produces 4.7%  less Cp than the re ference turbine, but this is the smallest 
possib le reduction in the turbine efficiency due to scale effects.
B > to .  
c/R «
D = 1.2
TABLE 10
n . V _ -  10 m/s . C,.__ » 0 .4 1 9 . X -6 .7 5 .
1.7 x - 0.255 . 0.15 S x S 0.23
-0.169 x + 0.175 . 0.23 < x < 0.98
- 0.5 x + 0.5 . 0.98 £ x £ 1.00
* c/R P (twist angle) 
in degrees
0.150 0.000 83.04
0.196 0.079 52.24
0.325 0.120 24.93
0.509 0.090 9.64
0.706 0.056 5.04
0.876 0.028 4.51
0.979 0.010 2.53
1.000 0.000 1.90
4.4.4. Conclusions.
The main conclusions drawn from this study are:
1. The power coefficient produced by a turb ine depends on the turbine's 
dimensions, especially for turbines o f  sm all d iam eter w hose chord
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Reynolds numbers are below 10s.
2. A high Re turbine designed to operate in the flow produced by a 79° 
sweptback delta wing set at an angle o f  attack  o f 25° exhibits a  drop o f 20% 
o f  its power coefficient when it is scaled dow n  to a diam eter o f  1.2 m.
3. Use o f low Re aerofoils improves the low  Re vortex turbine performance. 
O f the sections tested, the GOE 795 produced  the best results.
4. Different principles apply for the optim isation  o f delta wing vortex turbines 
operating at the high Re regime as opposed  to those operating at the low Re 
regime. For the former, reduction o f  b lade chord length and increase of 
number o f blades improves their perform ance. Only construction feasibility 
considerations set the limit to how sm all the blade chord can become. For 
the latter however, the fact that the chord  Re must be supercritical restricts 
the reduction o f the blade chord length. Turbines with blades o f larger 
chord-to radius ratio and fewer blades than the former are more suitable.
5. A turbine with linear blade chord d is tribu tion  was found to  perform better 
than other sim ilar turbines with d iffe ren t chord distributions, as higher 
values o f chord Re (and hence C l/C q ) w ere obtained in the region between 
x «  0.4 and x = 0.9, for that turbine. A djustm ent o f the a opl values along the 
blade according to the local Re, further im proves the turbine performance.
6. A 10-bladed turbine having blades w ith linear chord distribution and with 
a opl varying linearly from 7° at the blade hub  to 5° at the tip, was chosen to 
be used for a delta wing-turbine system  prototype. The aerofoil chosen is 
G OE 795. T he turbine operates at X = 6 .75  and produces a  Cp 4.7% lower 
than that o f the high Re, 15-bladed turbine.
4.5. PERFORMANCE ANALYSIS OF THE PROTOTYPE TURBINE.
The blade design p rocedure can predict the prototype turbine perform ance
at optimum operating conditions only . F o r estimating the turbine performance at non- 
optim um  conditions (ie values o f  X  o th e r  than X ^ ) ,  a perform ance analysis procedure 
was developed, based on lifting line theo ry . It is presented here.
4.5.1. Description of the procedure.
by Politis, [15], for predicting the perform ance o f conventional turbines. It was m odified  
to  fit the case o f the prototype tu rb ine . This procedure is also  based on the theory 
developed by Lerbs, [18], and the w ake m odel presented in chapter 2 is used. U nlike the 
turbine design case, the geometrical characteristics o f the turbine (ie chord c and tw ist 
angle P distributions along the b lade) are known before hand when the turbine 
perform ance is sought. Hence, the cond ition  imposed by equation 2.3.1 does not ho ld  
and the angle o f attack can take any v a lu e  along the blade, according to the local flo w  at 
each blade element. Therefore, C L in th e  loading equation 2.3.3 is no longer a constan t, 
but a  variable, and equation 2.3.3 becom es:
In the above equation, C L was assum ed to  vary linearity with a (- ft - p). Clq is the lift 
coefficient value for zero angle o f  attack , which is larger than zero for cam bered  
aerofoils, and d C ^ d a  is the slope o f  the lift coefficient. T he linearisation o f  Q .  is
The turbine perform ance analysis procedure used here was first proposed
(4.5.1)
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essential in obtaining a  convergent iterative procedure for solving the problem as will be 
seen later. Substituting equations 2.2.12 into 2.3.8, w e get:
" /V -  - ‘ I ;  m G „  h i
tanPj = -------------------- % m~' M----------------  (4.5.2)
2ji • v /V .  +  £  m G m Iv,
Equations 4.5.1 and 4 .5 .2  provide a system for solving the problem. The unknow n 
variables are the d istributions o f  Pj and G  along the blade for each operating condition. 
Since these are inter-related in a non-linear way, the problem can only be solved 
iteratively, by successive approxim ations. The iteration scheme used here, is differen t 
from that presented in chap ter 2 and was proposed by Politis in [15]. The iteration steps 
are:
STEP 1.
An initial distribution o f  the aerodynam ic angle Pj along the blade is assum ed. T he pj 
values are calculated at an adequate num ber o f  stations along the blade (ie on M points). 
Substituting that in equation  4.5 .2  a system o f M linear equations can be obtained which 
can be solved for the M coeffic ien ts (G m) resulting from the analysis o f  G  in a sine 
fourier series. (See equation 2.3.5).
STEP 2.
A fter the G m values are calculated, substitution o f  the resulting value o f  G in equation  
4.5.1 (and by use o f  equation 2.3.5) yields a Pj distribution which is in general d ifferen t 
from the initial. I f  step 1 is repeated using the new pj distribution, an overoscillating 
iterative sequence results w hich is divergent. Damping o f  the Pj change betw een 
iterations is needed and it is obtained as follows: Equation 4.5.1 is solved for P (ie  twist 
angle) instead o f  Pj and a "new" p  distribution is obtained. It is evident that the new  P 
distribution has no physical m eaning, as it is not possible to change the blade tw ist angle
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4.5.2. Numerical techniques used.
A  com puter program  written in fortran was developed fo r  perform ing the 
above m entioned  calculations. T he numerical techniques applied are desc ribed  here.
F or solving the system o f linear equations resulting fro m  (4.5.2), the 
values o f hMm m ust be calculated. This is done as follows: The values o f  the induction 
factors iw  are calculated first, by use o f equations 2.2.7. Then, they a re  analysed in 
fourier series using equation 2.2.11. The fourier coefficients I*-ln are calculated by 
solving a system  o f  linear equations as described in chapter 3, part 3.1.1. W ith  the values 
o f IMn know n, the Lerbs factors h"-1,,, can be calculated from equations 2 .2 .1 3  and 2.2.14. 
The linear system  o f equations resulting from (4.5.2) is solved using  the technique 
described in chap ter 3, part 3.1.1. The num ber o f  fourier coefficients used for the 
analysis o f  G  and  iw  (M and N + l respectively) affects the accuracy o f  the results. The 
more the fo u rie r coefficients, the better the accuracy. However, the values o f M and N 
determine the num ber o f linear equations to be solved, and as the tim e required  by the 
linear system  solving routine is proportional to M3 (o r N3), more fo u rie r coefficients 
means a m ore tim e-consum ing program. A good com prom ise was found to  be the choice 
o f 31 fourier coeffic ien ts for both G and iM (ie M = 31 and N = 30). T he difference in Cp 
when 41 coeffic ien ts w ere used was found to be less than 1%, while the tim e required for 
an iteration w as about 10 seconds (with 31 coefficients).
F o r estim ating Cp, the integral o f  equation 3.1.3 w as calculated 
numerically using  Sim pson's m ethod. For facilitating the numerical integration, an odd 
number o f  fo u rie r coefficients (and hence points along the blade) was used.
T he aerofoil used is GOE 795. Its C L( a )  characteristics for different
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values o f  Re (taken from reference [54]) are shown in figure 4.9. It is evident that 
changing  Re does not have a large effect on C L(a ) . For simplicity. Re effec ts on C L were 
ignored. For linearising the CL( a )  curve, the set o f  lines shown in fig u re  4.9 was used 
(fo r all values o f  Re). Each tim e, after the angle o f attack o f  a b lade  element was 
calculated, the appropriate line was selected and CL( a )  was estim ated. T he performance 
analysis procedure used here cannot predict the turbine behaviour w hen the blade is 
stalled, as the vortex wake assum ed is not retained when stall occurs. H ow ever, estimates 
o f  the turbine perform ance can be obtained when only a small part o f  th e  blade (less than 
20% ) is stalled. T his can be achieved assum ing that the aerofoil lift cu rv e  continues to 
have a  positive slope beyond stall and using the broken line show n in figure 4.9 for 
ca lcu lating  CL for a  values beyond 10°. Attem pts to use negative slope lines for 
estim ating  Q ,  beyond stall were unsuccessful as divergent iterative sequences resulted. 
T he inaccuracy introduced by the use o f positive d C ^ d a  is not expected to be 
significant, as stall occurs at the inboard part o f the blade which does not contribute 
m uch to  the torque produced by the turbine.
T he effects o f  Re on C D are significant as shown in figure 4.10. The 
curves show n in figure 4.10 are approxim ations o f experim ental data (taken  from [54]), 
by a  least square m ethod, using orthogonal Chebyshev polynom ials. F o r angles o f attack 
larger than 9°, no experim ental data were available and when calculation o f  the drag 
coefficien t for a  >  9° was required, the CD values were extrapolated by straight lines 
derived  from the last tw o points o f  each curve (ie those with a  = 8.5° an d  9°). A fter the 
angle o f  attack and the Re value at each blade elem ent was calculated, C D( a ,  Re) was 
estim ated  as follows: For given values o f a  and Re, (say oto and Re0) the C D values were 
ca lculated for the tw o curves o f  figure 4 .10 w hose R eynolds num ber values were the 
closest to  Rcq (say C D(Oo, R e,) and C D(Oo,Re2)). The value o f C D(Oo,Re0) was then
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calculated by linear interpolation between C D(oc0,R el) and CD(a 0,Re2). F o r values o f Re 
low er than 40000 and larger than 100000, extrapolation was perform ed. Thus, the large 
influence o f Re on CD was taken into account.
The convergence criterion used was: 
iP „ew (r)-P (r)l^ l0 -3 |p (r)l 
T h e  relative error was thus lim ited to 0.1%.
The dam ping constant p  values (see equation 4.5.3) w ere found to be in 
the range between 0.1 and 0.01, with an average number o f itera tions required for 
convergence between 80 and 800 respectively. The convergence speed w as found to be 
re la ted  to the bound circulation values. T he larger G was, the m ore  iterations were 
needed. The constant Q  in equation 4.5.3 was given a value equal to 0 .001 .
4.5.3. Results presentation.
The main objectives of the vortex turbine perform ance analysis are: 
A ssessm ent o f  the effect various m odifications of the initial blade design  (which is 
show n in table 10) may have on the turbine pow er output, and investigation o f  Re effects 
on the turbine performance. In the following section, the results o f b o th  investigations 
are presented.
a) Effect o f blade m odifications.
The m odifications on the blade shape are: Increase o f  th e  blade chord at 
the hub  region for structural reasons (the blade chord was assumed to  be zero at the hub 
w hen the blade was designed) and linearisation o f the twist angle d is tribu tion  for ease of 
m anufacture. The m odified blade characteristics are shown in figures 4.11 and 4.12. In
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figure 4.11, the dim ensionless chord distribution o f  the blade is  show n. It follows the 
design chord distribution from x = 0 .23 to x = 1.0. Below x =  0 .23 , the blade chord 
increases linearily , departing from the design characteristics and g e ts  its maximum value 
at the hub (x =  0.15). However, since the blade chord at the hub w a s not taken to be zero, 
a different boundary condition for the hub had to be found, so th a t the bound circulation 
would become zero  at that point. A s can be seen from equation 4 .5 .1 , the only way for G 
to become zero i f  c/R  *  0  is to arrange the flow in such a way, so  that the resulting angle 
o f attack is equal to  its zero lift value (X(Cl=0). It is equal to -1 .904° for the G O E 795 
section, as can be seen from figure 4.9. This condition crea te s  large axial induced 
velocities at the hub  region as will be seen later. In figure 4 .1 2 , the blade twist angle 
distribution is show n. Instead o f the non-linear tw ist distribution required by the blade 
design, three straight lines were used fo r approximating |3(x). A t th e  hub region, (x =0.15 
to x =  0.23) the blade was chosen to  have constant tw ist, d ep a rtin g  from the design 
requirements. For the rest o f the blade, tw o straight lines were fo u n d  to  approximate well 
the design tw ist distribution, as show n in figure 4.12.
F or assessing the effec ts these modifications have, the performance o f  a 
turbine with m odified  blades was estim ated. The undisturbed w in d  velocity far upstream 
o f the delta w ing was taken to be V „  =  10 m/s, while the incom ing  flow  com ponents in 
the vortices are show n in figure 4.4. T he turbine blade diam eter w a s chosen to be 1.2 m 
and the areofoil used is GOE 795.
In table 11, the distributions o f Reynolds num ber a n d  tw ist angle along the 
blade for three different values o f  the tip speed ratio are show n. It is evident from that 
table, that with X  increasing. Re increases and a  decreases throughou t the blade. The Re 
increase is caused  by the increase in the local relative veloc ity  (W ). Also, with X  
increasing, the rotational com ponent o f  the relative flow veloc ity  increases (since X  =
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TABLE 11
X = 6 .00 X =  6 .75 X = 9 .0 0
X Re a  (deg) Re a  (deg.) Re a  (deg.)
0.150 56872 -1.904 66212 -1.904 93499 -1.904
0.187 96787 10.772 98589 8.340 111361 3.355
0.291 85390 11.308 91530 7.481 116651 1.876
0.444 87480 9.991 98550 6.490 134809 1.751
0.619 86851 8.044 99037 5.491 136779 1.793
0.788 69337 7311 78951 5.278 108283 2.037
0.919 39845 7.362 45296 5.732 61817 2.807
1.000 0 0 0
Q R /V „) and thus a  decreases. (See also figure 2.8). From  the above table, it can also be 
seen that for all values o f X, the angle o f attack gets its zero lift value at the hub, as 
required  by the boundary condition there. Cpjnax was ob tained  at X = 6.75. For X = 6, 
stall starts to appear at the inboard part o f the blade. (A s can be seen in figure 4.9, the 
stall angle for G O E  795 is: oislaj| = 10°). W ith X reducing further than 6, stall was found 
to  spread towards the outer part o f the blade. For X = 6 .75 , it can be seen from table 11 
that the values o f  Re are supercritical for the inboard 80%  o f the blade approxim ately. 
T he angle o f attack gets values close to its m aximum (ie 7° to 5° according to  R e). The 
values o f a  decrease from x =  0.19 to x =  0.80 as was expected since the blade was 
designed  with a  variable a opl. At the hub region, the a  values depart from the design 
values due to the different boudary condition, chord and tw ist angle distribution. For X= 
9 , Re is supercritical almost throughout the blade, w hile  the angle o f attack values 
decrease further.
T he distributions o f  G , u /V .., v /V ... d T /d r and d F ^ d r  are show n in 
figures 4 .1 3 ,4 .1 4 ,4 .1 5 ,4 .1 6  and 4.17 respectively fo r th ree different values o f  X, namely 
6 , 6.75 and 9. T he value o f  G  at each blade elem ent depends upon the relative wind 
velocity  (W ) w hich increases towards the tip, the chord (c) that decreases tow ards the tip, 
and the values o f  C L that depend on a .  The com bination o f  these three param eters can 
lead to  local m axim a and m inim a, as shown in figu re 4.13, which becom e more
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pronounced with X increasing. It is also evident th a t G decreases throughout the blade 
with X increasing. This is caused by the decrease o f  a  (and hence C^) with X increasing. 
The loading drops more rapidly at the hub region th a n  at the tip region with X increasing 
and this results in an increase o f the relative load ing  towards the tip. For exam ple, the 
ratio G(0.8R)/G (0.2R) is 0.5  for X = 6  and 0.7 for X =  9. The axial induced velocity gets 
large values close to the hub (see figure 4.14). T h is  is a requirem ent o f the boundary 
condition there. The strong tip vortex causes u /V . .  to increase tow ards the tip. 
Significant changes in the shape and magnitude o f  u /V . .  can be observed w ith changing 
X. The tangential induced velocity (figure 4.15) increases from x = 0.15 to x =  0.17 and 
then drops until a local minim um  at x =0.96. Then a  sm all increase occurs caused  by the 
tip vortex. W ith X increasing, v /V .. decreases th roughout the blade.
In figures 4.16 and 4.17 the d is tribu tions o f  thrust and driv ing  force per 
unit span are shown. The thrust has a maximum at ab o u t x = 0.75 to  0.8  and then drops 
rapidly with increasing x, which is an advantage fro m  the structural point o f  view, since 
the strength o f  the blade beyond 0.8R is low. It is  a lso  evident that with X increasing, 
dT /dr becom es more pronounced towards the tip. T h e  driving force distribution has the 
opposite behaviour. It has a maximum at about x =  0 .18  and then drops throughout the 
blade. The driving force values remain significant up  to x = 0.8. H ence, the blade can 
produce considerable torque at the region x = 0.5 to  0 .8 .
The Cp,mM produced by the turbine (a t  X = 6.75) was found to be equal to
0.418, (o r Cp>fyittm= 1.338) which is just 0.24% less than that o f the original turbine (see 
table 10). It can therefore be concluded that the m odifications in the blade shape did not 
affect significantly the turbine performance. T he fac t that the original and modified 
blades differ the most at the hub region which con tribu tes little to the turbine torque is 
probably the reason why no considerable loss o f  power resulted from the blade
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m odifications. The turbine with the m odified  blades was chosen to be built fo r the
system  prototype.
Re effects on the turbine performance.
For investigating the R eynolds num ber effects on the turbine perform ance, 
the power coefficient o f  the turbine w as predicted for various values o f  the undisturbed 
w ind velocity, thus changing Re. The resu lts are shown in figure 4.18. In that figure, 
Cp,iy*ittn *s plotted versus X for various values o f  V „ ranging from 3 m/s to 13 m /s. It is 
evident from figure 4.18 that Cr n tr  is achieved for all values o f  V „  at X ■ 6.75, and 
hence differences in Re do not result in a different Xopl. This was expected, as C L was 
assum ed to be Re independent and therefore the bound circulation, dim ensionless 
induced velocities and angle o f attack values remain the sam e for a given X with V „ 
changing. H ence the angle o f attack distributions show n in table 11, as well as the 
distributions in figures 4.13, 4.14 and 4 .15  are representative o f  the turbine behaviour at 
all values o f  V—. It should also be m entioned  that evaluation o f  the turbine perform ance 
below  X = 5 was not possible as stall was spread to a considerable p a n  o f the blade (m ore 
than 20%). Unlike the bound circulation and  induced velocities distributions, the R e, C D 
and the driving force and thrust values are affected by the V „ change: For X = 6 .75 , Re 
rem ains subcritical throughout the blade for V „ = 3 m /s (Re is above 25000 at the 
inboard 70%  o f  the blade for that wind speed) and up to V _ = 7 m /s. (Re is above 65000 
fo r the inboard 70%  o f  the blade for V „  = 7 m/s). It gets supercritical values fo r a 
substantial p an  o f  the blade (ie the inboard  70% ) for V „  = 8 m /s, and increases further 
w ith  increasing V „ . A t 13 m/s, it is supercritical for the inboard 90%  o f the blade with its 
peak  value (about 131000) appearing at x =  0.53. W ith Re increasing, the Cl/C d  ratio 
im proves throughout the blade and for all values o f X resulting in an im provem ent o f 
Cp,nuu equal to 16.6% between 3 m /s an d  13 m /s as can be seen from figure 4.18. The
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shape o f the Cp(X) curves changes with V „ changing due to  the non-linear change o f  C D.
It can therefore be concluded that Re effects were found to affect 
considerably the performance o f  the delta wing system prototype turbine.
4.5.4. Conclusions.
The most im portant conclusions from this study  are:
1. Increase o f the blade c h o rd  towards the turbine hub and linearisation o f  the 
blade twist angle d is tribu tion  were not found to affect significantly the 
perform ance o f the delta  wing system prototype turbine, as a reduction of 
0.24%  in C pmix resu lted  from those m odifications. The turbine with the 
m odified blades was chosen  to be constructed for the prototype.
2. Reynolds number effec ts were found to affect the turbine perform ance
considerably as varia tions in the undisturbed w ind velocity resulted in 
significant changes o f  the turbine power. Increase o f  V _ from 3 m /s to 13 
m /s causes the turbine to increase by 16.6%. However, the value o f
A.opl was not found to change significantly with V „ , although slight changes 
in the Cp(X) curve w ere observed.
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Figure 4.1. G eom etrical characteristics o f  a delta wing. 
A: Leading edges. B: Trailing edge 
C: Sw eepback angle. D: Centreline 
E: U pper surface. F: Low er surface 
G: Sharp leading edges.
Figure 4.2.Form ation o f  leading edge vortices. 
A: Low pressure side. B: High pressure side. 
C: Flow sucked by the fast m oving air masses. 
D: Flow shed from  the leading edge. E: fully 
formed vortex. F: Vortex cone. G: A streamline.
Vungenti«|/V, . .  V radui /V ..
Figure 4.3. Velocity contours in the vonex  created by a 79° sweptback delta wing set at 
an angle of attack o f  25°. (Taken from (43]).
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Figure 4.4. Incom ing flow com ponents to the vortex turbine, (taken from [43]).
Figure 4.5. Relative sizes o f  delta wing-turbine system and the equivalent conventional 
turbine. Case 1. Pc =  15 kW .
Figure 4.6. Relative sizes o f  delta wing-turbine system and  the equivalent conventional 
turbine. Case 3. Pe =  100 kW .
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Figure 4.7. Relative sizes o f  delta wing-turbine system  and the equivalent conventional 
turbine. Case 4. Pe =  300  kW .
Figure 4.8. D im ensionless chord versus dim ensionless radius for three different blade 
configurations.
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Figure 4.9. C L( a )  lines used in the turbine perform ance analysis program. 
Aerofoil: G O E 795. Values o f  Re: v  : 40000, **•: 6 0 0 0 0 ,V : 80000. 
(Experimental da ta  taken from [54]).
Figure 4.10. CD(a )  plots for various values o f  Re. 
(Experimental data taken from (54)).
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Figure 4.12. Tw ist angle distribution o f  the m odified blade. 
(Three straight lines approxim ate the original distribution).
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Tip speed ratio values: 6:(-). 6 .75 :(-), 9:(-.)
Figure 4.13. Turbine perform ance results. G(x) plots for various values o f  X.
Figure 4.14. Turbine perform ance results. U; /  V „  plots for various values o f X.
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Figure 4.15. Turbine performance results. Vj/V» plots for various values o f  X .
Figure 4.16. T hrust per unit span distribution along the m odified blade. 
R = 0.6 m , V _ = 10 m/s.
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Figure 4.17. Driving force per unit span distribution along the m o d ified  blade. 
R = 0.6 m , = 10 m/s.
Figure 4.18. Vortex turbine performance prediction. 
Cp.,y,icm(^) plots fo r various values o f  V_.
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CHAPTER 5.
TESTING OF THE SYSTEM 
PROTOTYPE GENERATOR AND 
PREDICTION OF THE PROTOTYPE 
LONG-TERM PERFORMANCE.
CHAPTER 5. TESTING OF THE SYSTEM PROTOTYPE 
GENERATOR AND PREDICTION OF THE PROTOTYPE LONG­
TERM PERFORMANCE.
5.0. INTRODUCTION.
In the first part o f this chapter, the b ench  test o f  the electric generator to  be 
used together with the delta wing-turbine system prototype is presented. The objectives 
o f  this test are:
a) Estimation o f  the generator model param eters, ie the relation between the em f (EA) 
produced by the generator and rotational speed, a s  well as estim ation o f the armature 
resistance (RA) and the generator synchronous reactance  (Ls ).
b) Estimation o f  the generator power losses. W ith  the power losses known, it will be 
possible to calculate the the mechanical power produced  by the prototype turbine when 
its test will take place. Effectively, the second part o f  the generator test is a calibration o f 
the machine.
The generator test data are used in th e  second pan  o f this chapter, together 
with the turbine performance predictions fo r estim ating the long-term prototype 
performance. An appropriate model o f the generator and  load is developed for evaluating 
the electrical power produced at various wind speeds and the W eibull distribution o f 
wind occurrence probability is used for obtaining th e  prototype long-term performance 
characteristics at various wind regimes.
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5.1. GENERATOR TEST.
The generator used is a  synchronous one. Its theory is presented in b rief 
here, before an account of the test instrum entation , procedure and  results is given. T he 
information about electric machines' th e o ry  presented here was obtained  from references 
[3], [56] and [57].
5.1.1. Theory of synchronous generators.
A synchronous g e n e ra to r  is an electric m achine that can convert 
mechanical power into alternating e le c trica l power. A typical m achine o f this type has 
tw o pans. One is moving (called ro to r)  and the other is stationary (called stator). T he 
stator contains wound coils and w hen  an AC current flows through them a rotating 
magnetic field is produced. (See re fe ren ce  [56] for more details). T his procedure can also 
be reversed: A rotating magnetic field  c a n  excite the stator windings which produce an 
alternating current. The rotating m a g n e tic  field is provided e ither by a perm anent magnet 
(as in our case) which characterises the permanent m agnet m achines, o r by an 
electrom agnet, ie a set o f coils fed by a  D C  power source. T he rotational speed o f  the AC 
current (called electrical speed, t o j  is  d irec tly  proportional to the m echanical rotational 
speed (to) o f  the rotor. That is the re a so n  why such a m achine is called "synchronous". 
<oe depends on the num ber o f poles th e  rotor magnet has. Let us assum e that a m agnet 
with P  poles is used. As the ro tor p o le s  approach and leave one o f  the stator coils, the 
magnetic flux through the coil a lte rn ates . During a full m echanical cycle (ie a full 
revolution o f the rotor) it is evident th a t  the magnetic flux through the stator coils is 
reversed P times and hence P/2 cycles a r e  "sensed" by the coil. Therefore:
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d)e =« (P/2) a) (5.1.1)
A synchronous generator can  be single o r m ulti-phase, depending on the layout o f its 
stator coils (also called th e  armature). A single phase synchronous generator can be 
modelled as shown in figu re  5.1. (For a m ulti-phase one, figure 5.1 is the per phase 
equivalent). There are th ree  model parameters fo r such a generator: T he em f (EA) 
produced by its arm ature, the armature resistance (R A) and the synchronous reactance 
(Ls). (Note that in the following, all symbols o f currents or voltages represent the rms 
values o f these quantities). The maximum of the m agnetic flux through the stator coils 
cannot change, since a  permanent magnet is assum ed and the em f produced  by the 
generator depends only o n  to:
E a  =  K ( i) o r EA = Ke coe (5.1.2)
W hen a current is f lo w in g  through the stator windings, a secondary m agnetic field is 
crated by the stator w h ich  distorts the original m agnetic field (ie that o f  the rotor) in the 
air gap between stator a n d  rotor. This effect is ca lled  armature reaction. T he magnetic 
field distortion causes th e  armature current to lag EA. T he synchronous inductance (Ls) 
simulates this effect. F in a lly , the armature resistance depends on the d iam eter and length 
o f the wire used for th e  stator coils as well as the wire m aterial and the generator 
operating temperature.
The p h a so r diagram o f  a permanent magnet synchronous generator is 
shown in figure 5.2. T h e  generator is assumed to  be connected to a lagging load. The 
angle between the g en e ra to r terminal voltage (V) and  I is <J>, while 8  is the ang le  between 
Ea  and V, called "load ang le". As can be seen from figure 5 .2 ,8  is given by:
V + IR.cos(J) + ItoeL_sin0
co sS  * ------------- — e---------------------  (5.1.3)
CA
In order to determ ine th e  model parameters o f a synchronous generator, th e  following 
tests must be carried ou t:
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a) The open circuit te s t  The generator terminal voltage (V ) is 
m easu red  for different rotational speeds with the generator term inals open. In 
that case, (see figure 5.1), V =  EA and the open circuit characteristic (ie 
eq u a tio n  5.1.2) can be obtained.
b) The short circuit test. This test is  carried out fo r estim ating L§. 
W ith  th e  generator term inals shorted, the current (I) is m easured for different 
ro ta tional speeds. In that case, the load impedance is  zero, and as  can be seen 
from  figure 5 .1 ,1 is given by:
c) Estimation o f RA. The armature resistance can be found by 
ap p ly ing  a DC voltage through the stator coils while the generator is not 
operational, and measuring the resulting current. The generator m ust be at a 
tem pera tu re  similar to that o f usual operating conditions.
The power flow through a generator is shown in figure 5.3. There are 
several ty p es  o f  losses in an electric generator. These are:
Electrical o r  copper losses. These occur in the armature and field (ie rotor) windings o f a 
generator. T h ey  are given by: PA ■ I2 RA (for the armature winding) and  PF ■ I2 RF (for 
the field w inding). For a permanent m agnet generator, PF is zero.
Core losses. These are hysteresis and eddy current losses in the m etal o f  a  generator. 
M echanical losses. (W indage-friction). These are associated w ith mechanical effects 
W indage lo sses  are caused by friction between the machine m oving parts and the air
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inside the generator casing. Friction losses are caused  by friction in the generator 
bearings.
Stray losses. S tray losses cannot be placed in any o f  the above categories. No m atter 
how well losses are accounted for, som e always escape inclusion.
T he following equation expresses the pow er flow through a permanent magnet generator:
Pin -  Pou, + I2Ra + Pmisc (5.1.6)
In the above relation, P in is the input pow er provided by the prim e mover, Poul is the 
pow er output w hich for the case o f a single phase synchronous generator is IV cos0 as 
can be seen from figure 5.2. P R A represents the electrica l losses and Pmisc includes 
"miscellaneous" losses, ie m echanical, core and stray  losses lum ped together. For 
calibrating the generator, Pmisc has to be estim ated for various values o f  I and 0).
5.1.2. Description of the generator and test instrumentation.
a l G enerator. The generator used is a  perm anent magnet, single phase, 
synchronous A C  m achine o f disc geom etry. Such a m achine is also called an "axial flux' 
generator, as the direction o f the m agnetic flux is parallel to the shaft. A sketch o f  a 
typical axial flux m achine is shown in figure 5.4, taken  from reference [58] w here an 
account o f recent developments in axial flux generators is  given. The generator in the 
present work w as developed at the University o f W arw ick. It is now being produced by 
Marlec Engineering Co. Ltd, for use with the R utland Furlmatic 1800 wind turbine 
manufactured by the sam e company. It was granted to  us by the director o f  the above 
m entioned com pany. T he rotor magnet has 12 poles and com prises two halves that can 
be separated (see figure 5.4). W hen the tw o halves are close together, they are held in 
place by m agnetic forces. The stator has a set o f tw elve coils connected in series with
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140 loops each. They are made o f copper w ire and they do not have iron cores for 
enhancing the magnetic flux through them. T hey  are however em bedded in epoxy resin 
and thus the stator is quite solid and strong. T he stator is positioned between the two 
rotor halves and two cable leads provide the electrical power to the load. The stator's 
rated curren t is 2A (manufacturer's data). The generator is designed to  provide about 220 
W  o f electrical power at a rotational speed o f  600  rpm when connected to an appropriate 
load. Its cold armature resistance is 25.7 Q .  a t 20° C. The generator can be connected 
directly to  the prototype turbine, w ithout having to  use a gearbox.
b) D escription o f the test rig, m otor and torque transducer. T he test rig to 
w hich the generator was attached com prises a DC motor connected to a torque 
transducer. The DC m otor w as used for driving the generator. Both its stator and rotor 
are electrom agnets. Its rotational speed can vary  from 0  to 3000 rpm  depending on the 
pow er fed  to  the field and armature windings. T he motor was wired-up as a separately 
excited one during the tests. For exciting the armature winding, a variac and a three 
phase rectifier unit was used. For the field  winding (which had low er power 
requirem ents), an off-the-shelf variac w ith a  built-in rectifier was used. The motor 
rotational speed could be increased either by increasing the armature current or by 
decreasing the field current. T he m otor w as linked to the generator v ia a torque 
transducer fo r measuring the torque. The transducer is a TG-2/B Vibro-m eter slipringless 
one. Its operating principle as explained in [59] is as follows: The centre of the 
transducer shaft is reduced in  diam eter (as can be seen in figure 5.5) and this portion is 
the m easuring section. T w o  flanges fixed on e ither side of this section hold an inductive 
coil system  and its cores. The coils are fixed on  the larger diam eter part o f  the shaft, 
while their cores are fixed on the sm aller d iam eter part. When a torque (either static or 
dynam ic) is  applied, the sm aller diam eter part o f  the shaft is twisted. H ence, the relative
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position between the coils and their cores changes and likewise does the coil inductance. 
There are four coils connected in a four arm inductive bridge arrangem ent. At no load, 
the bridge is balanced. W hen a torque is applied, the bridge im balance voltage can be 
used for measuring the torque. The bridge is supplied with pow er via a rotary transmitter. 
A nother rotary transm itter is used for picking-up the output signal. H ence, no sliprings 
are necessary. T he torque transducer characteristics are:
•M inimum torque: 1.9 Nm.
•M aximum torque: 38.0 Nm.
•Accuracy: 0 .25-0.5%  o f fsd 
(full scale display).
•M aximum speed: 22000 rpm.
Together with the transducer, a Vibro-meter 8 -M C A -l/A O  m ulti-channel carrier 
frequency system is used fo r providing the bridge input signal and picking-up the output. 
T he 8-M C A -l/A O  system consists o f  a power supply/oscillator unit and a carrier 
frequency amplifier. As shown in the block diagram o f  figure 5.6, the oscillator provides 
the signal for the torque transducer bridge excitation. The bridge im balance signal is 
picked-up by the am plifier. It then passes through a band-pass filter, a dem odulator, an 
am plifier and tw o low-pass filters, and is finally directed tow ards the output terminals. 
T he output from the torque m eter and am plifier was read on a DC voltm eter. The output 
voltage was in the range o f  -2.5V to +2.5V , with the torque range varying according to 
the different sensitivity settings o f  the "range" rotary switch o f  the am plifier. The range 
selected for the test was "25", the second most sensitive, that div ided  the output signal by 
5. T he most sensitive setting (that didn't attenuate the signal) failed to  produce repeatable 
results and suffered from too much noise so it was not used. T he am plifier needed at 
least ha lf an hour to heat-up before the tests could start. Before each run , the bridge was
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position between the coils and their cores changes and likew ise does the coil inductance. 
There are four coils connected in a four arm inductive bridge arrangement. At no load, 
the bridge is balanced. W hen a torque is applied, the bridge im balance voltage can be 
used fo r m easuring the torque. The bridge is supplied with pow er via a  rotary transmitter. 
A nother rotary transm itter is used for picking-up the output signal. Hence, no sliprings 
are necessary. The torque transducer characteristics are:
•M inim um  torque: 1.9 Nm.
•M axim um  torque: 38.0 Nm.
•Accuracy: 0.25-0.5%  o f fsd 
(full scale display).
•M axim um  speed: 22000 rpm.
Together with the transducer, a Vibro-m eter 8-M C A -l/A O  m ulti-channel carrier 
frequency system is used for providing the bridge input signal and picking-up the output. 
T he 8 -M C A -l/A O  system consists o f  a pow er supply/oscillator unit and a carrier 
frequency amplifier. As shown in the block diagram o f  figure 5.6, the oscillator provides 
the signal for the torque transducer bridge excitation. The bridge imbalance signal is 
picked-up by the am plifier. It then passes through a band-pass filter, a dem odulator, an 
am plifier and tw o low-pass filters, and is finally d irected tow ards the output terminals. 
T he output from the torque m eter and am plifier was read on a DC voltmeter. T he output 
voltage was in the range o f -2 .5V  to  +2.5V , with the torque range varying according to 
the different sensitivity settings o f the "range" rotary switch o f  the amplifier. The range 
selected fo r the test was "25”, the second m ost sensitive, that divided the output signal by 
5. T he m ost sensitive setting (that didn't attenuate the signal) failed to produce repeatable 
results and suffered from too much noise so it was not used. The am plifier needed at 
least h a lf an hour to heat-up before the tests could start. Before each run, the bridge was
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balanced at no load by adjustment o f a resistive and a capacitive potentiometer.
The torque transducer and amplifier were calibrated statically: One end of 
the transducer shaft w as clamped on the test rig fram e, the other being connected to  a 
pulley. W eights w ere hung from the pulley and fo r each weight the amplifier output 
voltage was recorded. There w ere two measuring units on the amplifier and they were 
both calibrated. U nits 1 and 2 were on the right and left hand side o f the amplifier 
respectively. T he torque direction was clockwise looking from the motor towards the 
torque m eter and w as chosen to coincide with the wind turbine direction o f rotation 
during the prototype tests. The calibration curves o f  both units are shown in figure 5.7. It 
is evident that the linearity o f the transducer is excellent. Unit 2 was chosen to be used, 
as a least square line could be fitted through the measurement points with less scatter 
than unit 1. (See figure 5.7). The least square line fitted for unit 2, shown in figure 5.7 is: 
F  = AVout (in Kg) 
w ith :
A  = 10.1 Kg/V
The torque could then be calculated in Nm multiplying F  with C  L:
Q  = F C  L
w ith C  a conversion factor, C=9.81 N/Kg and L the pulley torque arm, L=0.07m. 
Repeatability o f  the voltage readings was checked and it was found that that the 
difference in voltage between any two repeated readings for the same torque was ±0.0 IV  
a t the most. T his is consistent with the manufacturer's data: The torque m eter accuracy is 
±0.5%  o f  fsd. In our case, fsd is  2.5V and hence the instrument accuracy is ±0.0125V. 
The DC voltm eter sensitivity was 0.005V, which corresponds to  a torque o f 0.03Nm, ie 
63 times the transducer minimum torque.
c) O ther instruments used. A Feedback EW 604 electromagnetic watt
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m eter was used for m easuring the generator power output. Its pow er range lies between 
250 m W  and 10 kW . Its accuracy is better than 2.0%  o f  fsd. Three variable resistors 
were used as loads for the generator, each for a different current range. They consisted of 
w ound coils. Their length could vary using a runner that disconnected the desirable 
percentage o f  resistor length. These resistors were not purely ohmic loads how ever, due 
to their coil-like shape (as it will be seen later). Their characteristics are:
•Resistor 1 : 0-1024 Q , Imtx =  1.0 A 
•Resistor 2 : 0-614 Q , Imax = 1.7 A 
•Resistor 3 : 0-164 Q , Imw =  3.2 A
A tachom eter was used for picking-up the rotational speed when attached to the motor 
shaft. For reading the generator terminal voltage and current, a digital AC voltm eter and 
an avom eter (respectively) were used. A sketch o f the experim ental set-up is show n in 
figure 5.8.
5.1.3. Generator model parameters estimation.
The results o f the tests for evaluating the generator model param eters are 
presented in the following section.
• . ai Open circuit test. The open circuit characteristics o f  the generator are
shown in figure 5.9. It is evident that EA increases linearly with 0) increasing and 
equation 5.1.2 holds. T he slope K was calculated from the above figure:
K -  0.294V/rpm
Since to (in rpm) = (60/2n) to (in rad/sec),
K = 2.81 V sec 
and since coe = (P/2) co = 6 co.
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Ke = 0.468 V see.
b) S hon  circuit test. T he short circuit test was then carried out. The 
current flow ing through the shorted generator windings was m easured for different 
values o f  to. For each value o f to, the current was found to decrease with time, as the 
stator windings w ere heating-up. Enough time was allow ed for the current to stabilize 
before readings w ere taken. After each measurem ent o f  I, the generator was brought to  a 
halt and a DC voltage was applied to its term inals for m easuring RA. In figure 5.10 the 
variation o f  the short circuit current (I) with o> is shown. The current does not increase 
linearly  with to increasing, due to the changing RA as explained in [4]. From equation
5.1.4, it can be seen that i f  the synchronous impedance (Zg = [RA2 + toe2 LS2J,/2) had 
been constant, then I(co) would have been linear. However, Zs increases since RA 
increases with tem perature. With I and RA known, Ls can be calculated from equation
5.1.5. Ls was estim ated for 11 values o f  0) ranging from 135 rpm to 285 rpm. No
readings were taken beyond 285 rpm , as the generator was heating excessively. T he 
follow ing table contains the calculated Ls values.
TABLE 1
0) (rpm) 4  <H>
135 0.0465
149 0.0498
161 0.0475
179 0.0459
199 0.0489
204 0.0454 (min)
216 0.0498 (max)
228 0.0458
237 0.0480
244 0.0483
285 0.0470
L j = 0 .0475 H ( +  4 .8%  - 4.5% )
T he Ls values d o  not seem to follow any particular trend. They are scattered about the 
average value (show n at the foot o f table 1). This value is com parable with that estim ated
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fo r a sim ilar generator in (61J. The generator exam ined in [61] is a permanent magnet 
synchronous one o f larger size and ratings than the one used here, and its Ls value was 
found to be 0.027 H, which is o f the same order o f m agnitude as the Ls calculated here. 
The scatter in the L§ values was caused by the scatter in I and RA.
c) Estimation o f armature resistance. RA was estim ated using the 
technique described in section 5.1.1. However, the generator's operating conditions are 
expected to vary widely during the system prototype test, and use o f  a single value o f RA 
was not considered realistic. In order to monitor the RA change, a therm o-couple needs 
to  be installed close to the stator windings, so that the stator tem perature is known. 
However, at the time the generator test was carried out, a therm o-couple was not 
available and the best alternative was to m onitor the variation o f RA with I, assuming 
that the am bient temperature would be the same (about 22° C), so that the generator 
windings w ould always settle at the same temperature for a certain operating condition. 
The above assumption was thought to be reasonable, as the test was carried out indoors. 
The variation o f  RA with I is shown in figure 5.11. The RA increase with I increasing is 
not linear, due to the non-linear increase o f the generator temperature. For currents up to 
1.0 A, the generator was m ildly warm, while for larger currents it heated-up rapidly. A 
5th order polynomial was found to approximate the RA(I) curve best. It is shown in 
figure 5.11.
5.1.4. Generator calibration.
The procedure and results o f the tests for determ ining the generator power 
losses are presented here.
a) Experimental procedure. Tests were carried out for a wide range of
ChapurS Pag* 136
rotational speeds (from 200 rpm to 1500 rpm ) and currents (from 0.3 A to  2.2 A). The to 
range was determ ined by the tip speed ratio range required for the system prototype test. 
For an undisturbed wind speed o f 10 m/s, A.(CPjn>x) = 6.75 (see chapter 3) and to(Cpjniu) 
-1 0 0 0  rpm . For to =  200 rpm, X  = 1.35 and for 0) = 1500 rpm , X  = 10.1. The X  range 
[1.35 - 10.1] is enough for sampling the turbine Cp(X) curve. The minim um  value o f I 
(=0.3 A ) w as determ ined by the lower limit o f  the torque m eter measurement. Below I = 
0.3 A , the torque readings were not repeatable. The maximum current (I =  2.2 A) was 1.1 
times the generator rated current and the generator heated-up excessively when operating 
for a considerable time at higher currents, so it was not considered safe to continue the 
tests for I values larger than 2.2A. Readings were taken for 10 values o f  I, namely 0.3A, 
0 .5 A .0 .8 A , 1.0A, 1.2A, 1.4A, 1.6A, 1.8A, 2.0A and 2.2A.
For each I value, about 22 values o f w were sampled. During each run, to 
was allow ed to  vary while I was kept constant. This was done in order to keep the 
generator tem perature (and hence RA and the copper power losses) constant. In order to 
keep the current constant for each value o f  o>, the generator load was changed by 
adjustm ent o f  the variable resistors. The quantities measured were (see also figure 5.8): 
The rotational speed (0)), the input torque (Q), the generator terminal voltage (V) and 
current (I) and the pow er produced by the generator (Pout). Im mediately after each run, 
Ra  was m easured using a DC power source.
The generator was allowed to operate at a medium rotational speed (about 
700  rpm ) fo r a quarter o f an hour, at the desirable current value, before readings were 
taken. This was done in order to allow the generator and load and also the bearings to 
heat-up. It w as found that the input torque was somewhat larger with cold bearings, as 
the lubricant in them had a higher viscosity. Once the bearings were warm, no noticeable 
change in the input torque was observed even i f  they further heated-up. D uring the
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prototype tests, the bearings can be heated-up by inverting the generator's operation. The 
generator can operate as a  m otor when an A C  current is provided to its armature.
W ith the inform ation obtained from the test, it was possible to estimate 
Pmi^fl.O)) from equation 5.1.6:
Pmitc(I,a>) = Qco - Poul - I2Ra (5.1.7)
In the above equation, Q w  is the input power, Pout is the output pow er read on the watt 
m eter and I2RA is the copper loss.
During the early stages o f  the tests a  problem  was encountered: The 
voltage readings from the torque m eter amplifier output w ere fluctuating considerably 
with time. T hese fluctuations could  be as high as ±20%  o f the m easured average. The 
fluctuations did not start im m ediately after the m otor was turned on, but after about 5 
m inutes o f operation. Various tests were carried out in order to isolate the source o f the 
problem . It is believed that they are real torque fluctuations associated with the generator 
and load and not noise caused by the torque m easuring equipm ent. Since only an 
estim ate o f the average steady state torque was necessary, the problem was solved by 
passing the am plifier output signal through a low-pass filter before it was read on the 
voltm eter. The filter arrangem ent is shown in figure 5.12. Its elem ents are a resistor (R F 
= 10 M il)  and a capacitor (Cp = 1 nF). The filter was found to dam pen the voltage 
ripples sufficiently. However, a significant voltage drop occured on the filter resistor. 
T he filter output voltage was alm ost half o f  the input voltage. The filter w as calibrated 
versus the am plifier output and the calibration results are show n in figure 5.13. Due to 
that voltage drop, the overall torque sensitivity was halved and since the voltmeter 
sensitivity was 0.005 V, (ie 0.01 V o f  the am plifier output voltage) the torque sensitivity 
was reduced  to 0 .06  Nm which is equal to 1/32 o f  the lowest measurable torque. W ith 
that problem  solved, torque m easurem ents were possible.
Chapiir 5 Pag* l i t
b) Presentation o f results. For all values o f  I, the measured torque was 
found to be nearly constant for values o f co larger than 500 rpm. Below 500 rpm , the 
torque increased slightly with to increasing. Between 700 rpm and 800 rpm , another 
phenom enon was observed: The test rig was resonating and the noise produced by it as 
well as the shaft vibrations (which were kept at low levels at all other rotational speeds) 
w ere increased. Also, within the resonance regime, the input torque levels were slightly 
lower. The resonance intensity depended on the generator current and with it increasing 
the noise and vibrations increased. During the open circuit test however, (when I = 0 ), no 
resonance was observed. It is therefore safe to conclude that it was the generator that w as 
resonating. It must therefore be noted that before the prototype test is carried out, the 
turbine blades' resonant frequencies must be evaluated. If they are found to be near the 
generator resonance band, certain operating conditions m ust be avoided during the 
prototype test otherw ise serious damage o f the turbine may result.
Fluctuations o f the torque readings were observed even after the filter was 
installed. They were found to be within the torque transducer accuracy levels (ie ±0.5%  
o f  fsd). However, for low values o f I, the torque was also low and the relative errors 
w ere considerable. The maximum relative errors in torque together with the average 
torque level for each value o f I are shown in table 2. It is evident that the torque values 
m easured are quite low compared to the torque m eter ratings. For I = O JA , the average 
torque level was less than the lowest measurable torque of the transducer. Even for I = 
2 .2A , for which the maximum torque was measured, the torque level was still 5.5 times 
less than the transducer maximum measurable torque. For better results, a more sensitive 
torque transducer is necessary, which how ever was not available.
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TABLE 2
I (A) Maximum relative error in torque readings
Average torque 
level (N m)
0.3 9.0% 1.57
0.5 6.6% 2.00
0.8 5.0% 2.84
1.0 4.0% 3.58
1.2 3.0% 4.28
1.4 2.8% 5.01
1.6 2.6% 5.43
1.8 2.3% 6.08
2.0 2.1% 6.65
2.2 2.0% 6.94
W ith use o f  equation 5.1.7, a chan  o f Pmisc(I,to) was made, shown in  
figure 5.14. The scatter which is more pronounced for the low er values o f  I (0.3A to  
1.4A) is due to the torque fluctuations. For larger currents, (above 1.4A) the scatter is 
reduced. T he behaviour o f Pmisc(I,to) is as expected. For the same co and with I 
increasing, it increases due to increasing core losses. For the sam e 1 and with co 
increasing, it also increases due to increasing mechanical losses. For all values o f I above
0.5A, the slope o f  the Pmisc curves is reduced within the co range [700 rpm -850 rpm] due 
to  the low er torque values caused by the generator resonance. The value o f Pmilc is 
alm ost doubled (for all co) between the lowest and largest values o f  I, while the output 
pow er increases more than 7 times. The curves shown in figure 5.14 were interpolated 
through the experim ental data for elim inating scatter. Those curves rather than the 
experim ental data were used in all the calculations that follow. The repeatability o f  the 
m easurem ents was tested by checking the torque levels after each run was com pleted and  
no significant differences were observed. It was felt that there wasn't any need to test the 
repetability o f  the electrical quantities m easurem ents, because they seem ed to be quite  
consistent. A full set o f readings for I =  1.0A was repeated and the results o f both runs 
are shown in figure 5.15. T he experimental points seem to lie in the sam e band.
In figure 5.16, Poul(I,to) m easured on the w attm eter is show n. It can be 
seen that the generator power output for the sam e I increases linearily with to increasing. 
For the same co, with I increasing Poul increases except for the regim e with I >  1.0A and 
to < 600  rpm where the trend is reversed. The accuracy o f the w attm eter readings is much 
better than that o f  the torque meter, and the scatter is insignificant. T he graphs o f  figures 
5.14 and 5.16 w ere used for calculating the generator efficiency (fig) w hich is  shown in 
figure 5.17 plotted versus I for constant co values. The efficiency was chosen  to  be 
plotted that way, so that only one param eter w ould be changing (ie the generato r load). If 
fig was plotted versus to for constant values o f I, both the generator load and the 
rotational speed would be changing. The generator efficiency increases with to increasing 
for the same I, but at a reducing rate. The value o f  I at which the m aximum o f  efficiency 
is achieved for each o> increases with co increasing.
The m axim um  value o f fig is obtained at co = 1500 rpm , with I =  1.4A and 
is about 70% . This value o f  efficiency is rather low for a typical generator, bu t this was 
expected as the generator armature resistance is considerable. A lso, the s tator windings 
do not have iron cores for enhancing the m agnetic flux through them. O f  the pow er loss 
for that case, about 1/3 is due to electrical losses (I2RA) and the other 2/3 are due to 
m echanical, core and other losses (Pmisc).
# Using the charts o f figures 5 .14 and 5.16, the ratios Pmisc/Poui and  I*Ra/
P0ut w crc calculated fo r various values o f I and to. They are shown in tab les 3 and 4. It 
can be seen from those tables that for low values o f I (ie I = 0.3A ), PmifC is by far the 
m ost im portant pow er loss com ponent throughout the to range exam ined. For 
intermediate values o f  I (ie I = 1.0A), Pmisc and the electrical losses are o f  the sam e order 
o f magnitude for low to, but with to increasing, Pmjsc dominates. For large values o f  I (ie I 
=  2.0A), I2RA is larger fo r low to. W ith to increasing, Pmisc and the electrical losses are
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TABLE 3
Pou.
(A)
0) ( r p m ) \ .
0.3 1.0 2.0
500 0.658 0.356 0.456
1000 0.901 0.375 0.361
1500 0.917 0.424 0.357
comparable. In figure 5.18, plots o f V(to)
TABLE 4
I2 r a
Pou.
\ I  (A) 
to ( r p m ) \ .
0.3 1.0 2.0
500 0.185 0.256 0.833
1000 0.031 0.117 0.303
1500 0.021 0.077 0.185
shown for three values o f  I. (0.5A , 1.0A
and 2.0A). It can be seen that the terminal voltage increases linearly with 0) increasing.
Also, for the same to, V drops with I increasing. The slope o f all th ree lines shown in
figure 5.18 is similar. Using the graphs o f figures 5.16 and 5.18, the angle <)> between the
terminal voltage (V) and the current (I) phasors can be estim ated as follows: The
generator's apparent power is VI while the real power is Poul = V Icos$. Hence:
0  = cos ' (Poul/VI)
In figure 5.19, 0(o>) is shown for three values o f  I (0.5A , 1.0A and 2.0A). It is evident 
that the resistors used are not purely ohmic loads and <J> gets considerable values. The 
behaviour o f  <}> changes with I:
•For I = 0.5A, <(> drops with increasing o>.
•For I = 1.0A, <J> is nearly constant.
•For I = 2.0A, <|> increases with increasing to.
This can be explained as follows: Angle $  depends on the relative magnitude o f the 
resistive and reactive components o f  the load impedance. D uring the tests, when co 
increased, the load was changed for keeping I constant. Both lo ad  resistance and 
reactance increase with co increasing, the former due to the increase o f  the resistor active 
length, the latter due to the same effect that increases the coil self-inductance, and also 
due to the o> increase. Hence, for I = 0.5A, the load resistance increases more rapidly 
than its reactance with to increasing. For I = 1.0A, both load resistance and reactance
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increase by the same rate and thus <)> is kept nearly constan t. For I = 2.0A, the load 
reactance increases more rapidly than the resistance, causing  0  to increase with 0) 
increasing.
The load angle 5 (see figure S.2) was also ca lculated using equation 5.1.3. 
For doing so, the results o f  the open circuit test (ie the Ke value), the short circuit test (ie 
the Ls value) and the generator calibration (ie figures 5 .1 1 , 5.18 and 5.19) were used. 5 
was calculated for I ■  2.0A and for various values o f  to. The results are shown in the 
following table:
TABLE 5
to (rpm) 6 (°) 0)eLs ( C l )
500 1.89 14.8
600 4.66 17.8
700 6.05 20.8
1000 8.01 29.7
1500 9.26 44.5
Ra(I = 2.0A) = 31.64 Q
It is evident that with increasing to the angle 5 also increases. This is due to the increase 
o f  the synchronous reactance (Q)eLs). The values o f 8 are relatively low, because o f  the 
large RA. In a typical synchronous machine, the synchronous reactance is about 10 times 
as large as the armature resistance as explained in [61] and  the load angle is about 15° to 
20®. For the generator tested however, (as well as for o th e r sim ilar machines described in 
[60]), Ra and coeLs are o f  the same order o f  m agnitude, an d  hence 8  gets low values (see 
also figure 5.2). For low er currents, 8  is even lower. F o r I =  0.5A for example, the 
synchronous reactance voltage (I(oeLs ) is about 10 times low er than the terminal voltage 
and 8 is alm ost zero at to -  500 rpm and a m ere 3.65° at to =  1500 rpm.
With knowledge o f  Pmilc(I,<o), the power produced  by the vortex turbine 
during the prototype experim ent can be estim ated using  equation 5.1.6. During the
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experim ent, fo r each pair o f operating conditions (ie co and I), Poul will be m easured on a 
w attm eter, Pmitc will be calculated using the calibration chart o f figure 5.14 and for 
estim ating the electrical losses a therm o-couple placed near the stator windings will be 
used for estim ating RA. The pow er output and  losses will be then added to give Pin which 
in this case is the m echanical power o f  the turbine.
5.1.5. Conclusions.
The m ost im portant conclusions from this study are:
1. The generator model param eters have been estimated. They can be used 
together with the turbine pow er output predictions fo r estimating the 
prototype long term perform ance.
2. The generator power losses have been identified and measured. Thus the 
generator was calibrated in order to  be used as a pow er absorber by the 
prototype turbine.
3. The generator m aximum efficiency was found to be 70%. It was obtained at 
I = 1.4A and to = 1500 rpm.
5.2. PROTOTYPE LONG-TERM PERFORMANCE ESTIMATION.
In this section, the generator test results are used together with the turbine 
perform ance predictions for estim ating the long-term performance o f  the delta wing- 
turbine system prototype. The generator and  load chosen for it w ere modelled by use o f 
an appropriate electrical circuit and the annual power yield o f  the prototype was 
predicted using wind statistics. A b rief account o f the relevant theory is given first.
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5.2.1. Theory.
a) G enerator load matching. The power produced by a generator depends 
on the application it is chosen  for. In our case, the generator was chosen to  h ea t-u p  a 
resistor. This is the simplest possible load that can be used and hence the generator-load  
m odelling is also simplified. Use o f  wind power for heating purposes has a wide ra n g e  o f 
applications, especially fo r sm all scale machines, such as space o r water h ea tin g . A 
heating resistor is not sensitive to the AC signal frequency variations and h en c e  the 
generator can operate at variable rpm in order to optimise the turbine power o u tp u t. For 
that to be achieved, the turbine must operate at optimum tip speed ratio at all w indspeeds 
below the rated. As can be seen from equation 4.2.1, the mechanical p o w e r (P m) 
produced by the prototype turbine is proponional to V ..3. The Pm maximum fo r a  given  
w indspeed is achieved at Xopl =  6.75, when Cp is maximised. Since A^p, = coR /V .., it is 
evident that the maximum turbine power will be proponional to op. (Pmma* — to3). 
Hence, a load must be found that will make the generator power requirem ent 
proportional to co3. In figure 5.20, the generator-load model is shown when a  sing le 
resistor (R l) is used as load. The power consum ed on the resistor is Pe = I2R L. A lso , 
I=Ea/Z , w ith Z  the total circuit impedance. Using equation 5.1.2, we get:
Pe_ K- <4 \
(R l + r J  + m l
(5.2.1)
It is evident that if  RL + RA »  0)eLs , Pe -  toe2, while if  RL + RA «  0)eLs , Pe = constan t. 
Therefore, a single resistor is not a wise load choice, since Pe -  o>e2 at the m ost. F o r  a 
better load matching, several resistors can be used together with relays and a co n tro ller 
that can switch on the appropriate percentage o f the total resistance for m atching  the
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turbine output. Such a system is described in [61J. However, this m e th o d  has several 
shortcom ings as reported in [3], especially concerning the system stab ility  when the 
w indspeed changes. Another idea presented in [62] is the use o f  an  autotransform er 
inserted between the generator and the resistor. The autotransform er can  vary the resistor 
voltage and hence its power in a smooth fashion. However, th e  price o f an 
autotransform er is com parable to that o f a generator and it was not co n sid e red  a practical 
solution. The load matching method used is presented in [3]. Instead o f  a  single resistor, 
a resistor connected in series with a capacitor (Cl) is used as a load . Thus, a series 
resonant circuit results, shown in figure 5.21. The electrical power in th a t  case is given 
by:
K? <■£ K.
p- ---------------I — 7 ---------------- ¡ - 7  <“ -2>
T he current flowing through the circuit o f figure 5.21 is:
,  _  E a  _  K “ >e
1 -  T --------j= -  i  (5.2.3)
Y r l + r * ,2 + ^  ¿¿rcL)
A t a certain value o f coe, called resonant rotational speed o)^res, co^res L s  =  l/(®eje«CL) 
and the load becom es purely resistive. The various possibilities for the Pe variation with 
Q)e are shown in table 6. It evident that for the resonant load system , Pe varies widely 
with a)e. A set o f  CL, Rl can be found for obtaining Pe -  0)e3 in the ro tational speed 
regim e o f  interest. This load opimization is a  passive one and does not requ ire  wind or 
frequency sensors o r controllers. It will therefore be the least expensive.
b) W ind statistics. For estim ating the prototype long-term  perform ance a 
wind speed occurence probability distribution is required. T w o such d is tribu tions  are the 
m ost com m on in wind statistics. They arc the Weibull and Raleygh d istribu tions. The
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TABLE 6
CASE 1 CASE 2 C A SE  3
“ e « “ e = “Vre. CJfe »  <oeje,
O -  < 4 ^ .  -
(•»a - R i/  ♦«¿L J
p. ~  «2
•) R „  «  <«i -  p.  -  »!
b) R*. » ci£ => P. -  <o\
later is a special case o f the former. The Weibull distribution w as chosen to be used for 
this analysis, as it is a  more general one and can fit w ind data  qu ite  effectively since it is 
a tw o param eter function. The probability density (0  o f  the W eibull distribution is given 
by:
f  (V) iG f - p  [ ai] * 0 ,  V > 0 ,  c  >  1) (5.2.4)
k is called the shape factor, while c is the scale factor. T he form er is  dim ensionless while 
the latter has dim ensions o f  velocity. In figure 5.22. f(V ) is  show n fo r c *1 and various 
values o f k. The effect o f the shape factor is evident. W ith  k increasing , the f(V ) curve 
has a narrower peak, which m eans that the most probable w indspeeds are gathered in an 
increasingly narrow region. Hence, k is associated w ith the distribution standard 
deviation. Also, with k increasing, the m ost probable speed  approaches the windspeed 
which is equal to c. For most wind regimes, k gets a value o f  about 2. However, with the 
average w indspeed increasing, k tends to increase m arginally . T h e  effect o f the scale 
factor is to move the peak o f  f(V) on the x axis. With c  increasing , the most probable 
speed value increases, but the probability for that w indspeed decreases so that the area 
beneath the f(V) curve remains equal to unity. The plots o f  figure 5 .22  can be scaled-up 
by multiplying the x-ordinates by c and dividing the y-ordinates by the same amount. It
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is also evident from figure 5.22, that the W eibull d istribu tion  is not sym metric about the 
most probable windspeed. The average w indspeed  is slightly larger than the most 
probable one. As can be seen in figure 5.23, for k w ith in  the region from 1.5 to 3.0, c is 
equal to 1.12 times the average windspeed:
c *  1.12 <V> (5.2.5)
For a set o f wind data from a given site, several m ethods exist in order to estim ate c and 
k and thus fit a W eibull distribution to the data. (See references [7] and [8J). T his will not 
concern us however, since there isn't a particular s i te  o f  interest. In this study, k and c 
will be regarded as parameters and their effects on  the prototype performance will be 
assessed.
The variation o f the electrical pow er produced  by a wind turbine with V „ 
is shown in figure 5.24. There are three very im portan t w indspeed values associated with 
this curve:
•V |n (Cut-in speed).
•VR (Rated speed).
•Vq  (Cut-out speed).
V|N is the windspeed at which the machine just s tarts  to  produce electrical power. The 
turbine starts rotating at a slightly lower w indspeed, bu t the power produced is consum ed 
in overcoming the generator and transmission losses.
VR is the rated windspeed for which the turbine has been  designed. At that windspeed it 
produces rated power (PR).
V0  is the cut-out speed, above which the turbine is shut down, in order to prevent 
structural damage.
These three values o f  V „ divide the Pe(V „) curve in to  tw o regions. Between VIN and 
VR, the turbine produces power less than PR and it is  in that region that special effort is
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m ade to maxim ise the electrical power output. Betw een VR and V0 , an appropriate 
pow er regulating mechanism, which is present in  all w ind pow er plants, reduces either 
the aerodynam ic efficiency o f the turbine (pitch o r  stall control) o r the wind attacking the 
turbine (yaw control), so  that the power p roduced  will be as close to PR as possible. A 
large amount o f  wind power is wasted in that reg ion . This happens because operation of 
the turbine at optimum conditions in that region w ould  increase its rotational speed to 
unacceptable values. In some cases, the limit to h o w  large VR can become is im posed by 
the generator w hose ratings should not be exceeded . T he former Pe region is called 
partial power range. The latter is called constant p o w e r range.
For a given wind regime, there is  a  value o f VR that optim ises the turbine 
long-term  performance. This can be explained as fo llow s: An increase o f the turbine's VR 
increases PR (~ VR3), but if the new VR value is less frequent than the old one, the 
turbine will operate less time at VR. This may reduce  the long-term perform ance o f  the 
turbine. The balance between the tw o conflicting trends can be found calculating the 
turbine average electrical power PIV, using the W eibu ll distribution:
P.v = /  Pc(V) f(V) dV , (5.2.6)
,  Pw = f  Pe(V) f(V) dV + P R f  f(V) dV = P, +  P2
VW VK
P i is the pow er o f  the partial power range, w hile P 2 is that o f  the constant pow er range. 
It is desirable to  make Pav independent o f the tu rb ine 's  particular design and  the wind 
regim e characteristics. For that purpose, P ,v is no rm alised  as follows:
„  P.v
- r — ------ 3- <5.2.7)
5 p C ^ A c 3
The denominator in the above expression is the rated power of a turbine with
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aerodynam ic efficiency Cp, generator and  transm ission efficiency t)R (ie the efficiency at 
V R), o f  area A at a rated w indspeed equal to c3. c 3 is used since c is related to  the average 
windspeed o f a site. Pnom, is therefore independent o f  the turbine perform ance and 
dim ensions and o f the wind regime m ean windspeed. It depends on the relative values of 
V im, Vr and VQ, the ratio VR/c  (ie the relative positions o f  Pe(V) and f(V )), k and the 
shape o f  the Pe(V) curve in the partial pow er range. A nother important param eter is the 
capacity  factor (CF), which is defined  as:
CF = P>v /  PR (5.2.8)
C F  expresses the amount o f  time (say  w ithin a year) that the turbine produces power 
equal to PR. It is a very useful indication o f  how the turbine power is distribu ted  in time: 
A low C F  value means that the turbine will operate m ost o f  the time in the partial power 
range and it will produce power less than PR. This situation may be unacceptable in some 
cases such as pumping water, w here a m inim um  am ount o f  power has to be provided in 
order to  overcome a certain head. H ow ever, when a w ind turbine is used as a  fuel saver, 
providing electricity to a grid, capacity  facto r is not as important as Pav optim isation, and 
low  values o f CF can be tolerated. W ith knowledge o f  Pnorm(v R/c ) ar,d  CF(V R/c) 
decisions for the installation o f a w ind  turbine at a given site are possible.
5.2.2. Description of the numerical techniques used.
For the estimation o f  the prototype long-term  perform ance, a  com puter 
program  was developed written in fortran . T he num erical techniques used are described 
here.
a) Generator load m atching . The pow er input to the generator is the 
mechanical power produced by the turbine. For the generator load optimisation.
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knowledge o f the turbine p o w e r at various values o f  V „ and X is necessary. The 
Cp(X,V..) plots shown in figu re 4.18, which are the results o f  the turbine performance 
analysis, were used. The data o f  figure 4.18 w ere tabulated and an appropriate two- 
param eter interpolation routine w as used. This routine was taken from the NAG fortran 
library. It is the E01ACF ro u tin e  which interpolates at a given point (A ,B), in our case 
(X,V_), from a table o f  function values defined on a rectangular grid, by fitting bi-cubic 
spline functions. For constructing  the Cp(X ,V .J table, the values o f Cp fo r X less than 5 
were extrapolated, and hence th e  results in the X region from 0  to 5 are not reliable. 
However, that doesn't affect th e  final results' accuracy, since the load optim isation was 
such that the turbine was o p era tin g  at near optim um  conditions throughout the partial 
pow er range.
For optimising the generator load, the values o f  RL and C l fo r the resonant 
circuit must be found. This was d o n e  using the follow ing iterative procedure:
Step 1. Initial values o f RL an d  C L were chosen. A lso , the generator m odel parameters 
(established by the generator te s t) were used. T he turbine optimum m echanical power 
was estim ated at tw o values o f  V „ ,  namely Vj = V R and V2 = (V u + V ^ V l.? . The value 
o f  1.7 as chosen because it p rov ided  the best m atch between the generator power 
requirement and the turbine o p tim um  power. The turbine power for those windspeeds 
was Pmi and Pm2 respectively. A lso , co and 0)e were calculated for each V „  value.
Step 2. The generator arm ature resistance (RA) was calculated using the 5-th degree 
polynomial that approximates its dependence on I. (See figure 5.11). H ow ever, as can be 
seen from equation 5.2.3, I a lso  depends on RA and fo r calculating RA and I, another 
iteration was used (nested w ithin th e  outer iteration): A n initial value o f RA was assumed 
and I was found from equation 5 .2 .3 . Then, RA>ncw was calculated for the new  value o f I. 
I f  R/^oid and RAnew were n o t close enough, the procedure was repeated, until
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convergence was ach ieved . This procedure w as repeated every time an estim ate o f R, 
and I was needed.
Step 3. With I and  R A known, equation 5.1.6. was used for estim ating the required 
electrical power (Pe j) at V t , so that the w ind  turbine would operate at optimum 
conditions. In equation  5.1.6, Pin was taken to be equal to Pml, while Pmilc(I,o)) was 
estim ated using the sa m e  technique as that fo r the C p(X,V- ) calculation (ie tabulation o f 
the Pm^il.ci)) values a n d  interpolation using the E 01A C F routine).
Step 4. Equation 5 .2 .2 . was solved for RL with Pe equal to Pe l, yielding:
Thus, the new value o f  R L was estimated. For speeding-up the iteration, the RLnew value 
was used for ca lcu lating  P ^  (using the sam e technique as that for the calculation o f Pel, 
described above), and  equation 5.2.2 was so lved  for 1/CL this time, w ith P ,  = P.2. 
yielding:
In both equations 5.2.9 and 5.2.10, the solution branches omitted produced negative
V * 4A,C, '  B,
s s ;
With:
(5.2.9)
2 A 2
With: (5.2.10)
C2 = Pe2R L [<RL + R A>2 + - < W ]
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results, with no  physical meaning.
Step 5. T he n ew  and old values o f  C L were com pared, and if  they were not close 
enough, the p ro ced u re  was repeated until convergence was achieved. The convergence 
criterion was: I C Unew - CUoW I S  1 0 10 C Unew.
O n c e  Rl  and C L w ere estim ated and a satisfactory load m atch was 
achieved, e q u a tio n s  5.1.6 and 5.2.2 w ere used for obtaining the PC(V „ ) curve. This was 
done as fo llow s: T he equation -Poul -P R a -Pmisc = 0  was solved for 201 values o f  V.. 
within the ( V ^ ,  VR) region, using the bisection m ethod. For each value o f  V „ , an 
appropriate v a lu e  o f to was found so  th a t the generator pow er dem and would m eet the 
turbine pow er supp ly . ICV.J and rjg iV .,) w ere also calculated, fo r obtaining more details 
o f  the generato r performance.
h i  Prototype long-term perform ance estim ation. This was done as follows: 
Appropriate v a lu e s  o f  k, c, VIN, VR and V Q were chosen and equations 5.2.4, 5.2.6, 5.2.7 
and 5.2.8 w ere used  for estim ating Pnorm and CF. The integrals o f  equation 5.2.6 were 
calculated num erically , using S im pson 's method with 201 points. With all other 
parameters rem ain ing  the sam e, d ifferen t values o f  V R were tried and thus the 
Pnorm(VR/c) a n d  CF(V r/c) curves w ere obtained. Finally, the effects o f k and c were 
examined by repeating  the above for d ifferen t values o f the tw o parameters.
5.2.3. Presentation of results.
a l  Generator load optim isation. As explained in the previous section, for 
the load op tim isa tion , choice o f appropriate values fo r V R and was necessary. 
Various values o f  VR were tried and  it was found that the m aximum possible rated 
windspeed w a s  9  m/s. Above that value, the generator curren t at V R was exceeding its
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ratings b y  a considerable am ount, (th is will be explained in m ore detail later). For V)N, a 
value o f  3  m /s was chosen, since prediction o f Cp below  that value was not possible, due 
to the tu rb in e  performance routine limitations. For VIN = 3 m /s and VR = 9 m/s, the 
values o f  the resonant circuit elem ents were found to  be:
Rl = 80.0 C l  and  CL = 1.65x 1 0 5 F.
The e le c trica l resonance rotational speed  was found to be:
we.res = t l /t t-sC JJ1«  =1130 rad/s.
The m echan ical resonance speed is:
tore,  =  1799 rpm.
In figure 5.25, the turbine optim um  power (using X = A.^) and the generator power 
requ irem en t .for the above m entioned values o f RL and C L are plotted versus rotational 
speed. T h e  generator power requirem ent was calculated using equations 5.1.6 and 5.2.2. 
It is Py, o f  equation 5.1.6 with P ^ ,  given  by equation 5.2.2. At Vm, o )  -  322 rpm. At VR, 
co = 967 rpm . The points used fo r the load optimisation (ie VR and (Vu+Vuj)/!.?), are 
m arked b y  crosses. The irregularities o f  the generator pow er requirem ent curve were 
caused b y  the irregularities in the Pmilc curves. In the follow ing table, the values o f coe, 
coeLs , l/(coeCL) and (RL + Ra) are show n for and VR.
TABLE 7
v . (m/s) 3 (V |n) 9 (VR)
OV (rad/s) 202.3 607.5
L s ( n ) 9.6 28.9
^ <Q) 303.0 99.9
\  + r a  (O) 108.6 112.1
For V „  =  V m , I / îcOjCl) »  û)eLs and  case 1 o f table 6  applies fo r the Pe variation with 
d)e. S ince I / ííOj Cl) is com parable w ith (R L + RA), the variation o f  Pe with o)e is between
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coe4 and coe2. For V „ -  VR, toeL s , l/((oeCL) and (R L + RA) arc o f the same order o f 
m agnitude and it is not possible to  classify this case with respect to table 6. However, 
l / ( 0)eCL) > 0)eLs and Pe should vary with 0)e2 to  toe4. It is evident from figure 5.25 that 
th e  load matching is excellent. T he generator pow er requirem ent curve follows closely 
th e  turbine optimum power curve and the turbine operates at near optimum  conditions 
th roughout the partial power range. Indeed, the poorest m atching occurs at V „ = 5.7 m/s, 
(to  =  595 rpm), with X  getting its lowest value which is 6 .55, about 3% less than A.opc. Cp 
fo r  that case is about 0.7% less than Cpmax. It can therefore be concluded that a resonant 
c irc u it can give a very good load optimisation.
In figures 5 .26, 5 .27  and 5.28, Pe(V „ ), I (V „ ) and ^ ( V . . )  are shown 
respectively. All three curves are divided into tw o parts; one in the partial power range 
a n d  one in the constant pow er range. For the latter, a suitable control m echanism was 
assum ed  to act, in order to keep Pe, to and I constant in that region. Consideration o f such 
m echanism s and their suitability  for the system prototype will be given in the next 
ch ap ter. It can be seen from figure 5.26, that fo r the chosen (ie 3 m /s) the value o f Pe 
is  n o t zero. It is about 10W, w hich is 2.7% o f  PR. How ever, it was not possible to extend 
th e  Pe(V „) curve to a low er V,N. due to the lim itations o f  the turbine performance 
an a ly sis  procedure. The fact that some power is produced at a w indspeed which is 1/3 o f 
th e  rated is encouraging, since m ost conventional turbines have a V ^ /V r ratio o f about 
0 .5 . The low value can be attributed to several factors. O ne is that the delta wing 
concentra tes the wind pow er considerably and the wind velocity in the vortex will be 
ab o u t 1.5 to  2.0  times as large as the undisturbed wind velocity. Therefore, the generator 
lo sses  can be overcome at low er undisturbed w indspeeds. A lso, the turbine used here is a 
m ulti-b laded  one and can provide more torque than a  few -bladed counterpart at the same 
w indspeed. Another factor is the actual am ount o f  the generator losses. As will be
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explained later, the generator was found not ideal for the prototype turbine. A generator 
with larger ratings would be more suitable. Such a generator would require larger torque 
values to operate and that would increase VIN. However, VR would also  increase with the 
use o f  a larger generator, and the V in/V r ra tio  is not expected to change considerably. 
The VQ value w as chosen to be twice that o f  V R, ie 18 m /s, since according to [3] and  
[65], a  typical value for Vq/V r is about 2.0.
It can be seen from figure 5.27, that the generator current increases w ithin 
the partial pow er range with V „  increasing. A t V _ = VR = 9  m/s, I ■ 2.13 A, which is 
6.75%  larger than the generator rated current (2 .0  A). As was reported before, during the 
generator test, it was found that for I values larger than 2.2 A, the generator w as 
overheating. Therefore, the m axim um  allow able rated windspeed is 9  m/s, in order to  
keep I below the 2.2 A limit. A lso, from figure 5.27, it can be seen that the I values 
within the generator resonance region (ie 700  rpm to 800 rpm, which correspond to  V „  
values o f 6.6 m /s to  7.6  m /s) are relatively low (1.3 A to 1.6 A approxim ately). 
Therefore, the generator will pass through its resonance region w ithout exibiting large 
vibrations. The rotational speed for V „ values larger than VR is 967 rpm (see figure 
5.25), well outside the resonance regime.
The generator efficiency versus windspeed is shown in figure 5.28. 
Fluctuations in q f  can be observed for V „ above 6.9 m/s. These can be explained as 
follows: The param eters that affect the generator efficiency are its current and rotational 
speed. As can be seen in figure 5.17, for each value o f o>, there is a value o f I that 
m aximises rjf . W ith V „ increasing, both I and  to increase. The efficiency also increases 
up to a point w here further increase o f  0) causes I to exceed its Iop( value. Then, increase 
o f (i) tends to increase the generator efficiency, while increase o f I tends to  decrease it. 
Those tw o conflicting trends produce the t | g fluctuations.
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The values o f q g were found to be low. For exam ple, q g(V R) = 0 .547 . The 
low values o f efficiency are caused m ainly by the large am ount o f  electrical losses. The 
generator armature resistance is about 30 Q . The load resistance is about 80 Q . Hence, 
Rl/R a  = 2.67. It follow s that about 1/3 o f  the electrical power produced by the generator 
is consum ed on RA. Because o f that, the rated electrical pow er is just 364 W , w hile the 
turbine mechanical pow er is 665.6 W. T he generator used was designed to operate at to = 
600 rpm  and produce 220  W o f electrical power. When used with the prototype turbine, 
it is taken to its lim its, operating at o) =  967  rpm, with large currents flowing through it. 
It can be successfully used as a pow er absorber for the prototype experim ent, since 
w indspeeds up to 9  m /s can be sam pled. For that application, the efficiency o f  the 
generator is not important. However, fo r the application investigated here, efficiency  is 
im portant and a generator with lower RA, capable o f supplying larger currents w ould  be 
more suitable as will be shown in the follow ing. The turbine m echanical pow er a t VR is 
665 .6  W . Assuming a generator with q g = 0.8 at VR, Pe = 532.48 W. The electrical 
pow er from the generator (Pe) will be less than IEA. (It is equal to IEA if  the effec ts o f  RA 
and phase angle <|> are neglected). Hence:
Pe S  IEa  = IKco)c (5.2.11)
There are three param eters in the above equation: d)e, Ke and I. Increase o f  <oe would 
require a step-up gearbox which is not desirable, since the turbine operates a t high 
enough rpm for it to  be directly linked to a  generator. Increase o f  Ke, as can be seen  from 
equation 5.2.3, also increases I. For I to  remain at the sam e levels, R^ will need to 
increase, and thus the electrical efficiency o f  the generator will improve. The Ke increase 
can be achieved by increasing the m agnetic flux through the stator windings, e ith e r  by 
using stronger rotor m agnets made by rear earth materials, o r by use o f iron co res  in the 
stator windings. Finally, if  Ke remains the same, it follows from equation 5.2.11 that I
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m ust be at least 1.87 A fo r the generator to produce 532 W  o f  electrical pow er. Since 
equation 5.2.11 is an oversim plification o f  the problem, used only to give som e insight to 
the param eters involved, I will need to be considerably larger than 1.87 A. H ence, larger 
d iam eter wires are needed for the stator coils in order to  carry larger currents. A lso , since 
a conductor's resistance is inversely proportional to its cross-section, larger diam eter 
wires will reduce RA and thus improve the generator electrical efficiency. It w ill also be 
possible to obtain larger values o f  VR, since the maximum allowable current through the 
generator will increase.
b l Prototype long-term performance estim ation. With the Pe(V „ ) curve 
know n, estim ation o f th e  long-term perform ance followed. In these calculations, various 
values o f  k and c w ere tried for assessing their effects. For each set o f k and c , and 
VG w ere kept constant, while V R was allow ed to vary. H ence, the VR/V 1N an d  Vq/V r 
ratios changed  for each VR. Keeping VIN and VQ constant implies that all prototype 
com ponents are the same and only the wind regime and VR are changing. K eeping the 
Vr/V in  and Vq /V r ratios constant would im ply use o f different components fo r each VR, 
such as a larger turbine o r generator. In figures 5.29 a, b, c  and d, the plots o f  Pnonn(^R/ 
c), P i(V R/c), P2(V R/c) and C F(V R/c) are show n respectively, for four values o f  c , namely 
3 m /s, 3.5 m /s, 4 m /s and 4.5 m/s, and for k =  2.0. T hese curves show the effec t o f  c on 
Pnorm 'F ° r  the same c, and with VR/c increasing, there is a value o f VR/c  that m axim ises 
Pnomr However, the Pnorin peak is not steep and a large plateau exists w ith near- 
m axim um  Pnom, values. It can also be seen that with c inceasing, the value o f  V R/c  for 
which is m aximum increases as well as the Pn0nn.m«x value. This behaviour is due 
to  the fact that with c increasing and for a given VR/c  value, V h/V jm increases w hile VR/ 
VQ decreases. It can be seen from figures 5.25 b and c, that with c increasing, P**,,, in 
the partial pow er range increases following the VR/V |N increase, while in the constant
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pow er range, Pnom, remains at the same levels. In the follow ing table, the values o f 
Pnorm.m«x an(* VR/c(Pnonn.max) f ° r  various values o f c are shown:
TABLE 8 
Effect o f c. k = 2.0
c (m/s) Pnofm.max
vT
T "  ^norm.man)
3.0 0.896 1.94
3.5 0.969 2.01
4.0 1.021 2.12
For a change o f  c equal to 
25% (from 3 m /s to 4  m/s):
APnorm.max = 12.3% 
A(Vr/c)  =  8.5%
In figure 5.29.d, CF(V R/c) is shown. It can be seen that CF increases slightly fo r the 
same V R/c  with c increasing, due to the VR/V IN increase. F o r c  constant and VR/c 
increasing, CF drops rapidly. This is because P1V increases a t a lower rate than PR 
< - V r 3>.
The effect o f k on Pnom, is shown in figures 5 .30  a, b, c and d , where 
Pnorm(VR/c), P i(V R/c), P2(V R/c) and CF(Vr/c) are plotted respectively , for c = 4.5 m/s 
and k  varying from 1.5 to 3.0. For c ■ 4.5 m /s, according to equation  5.35, <V > = 4.02 
m/s. It is evident that with k increasing, ie with the most p robable windspeeds being 
concentrated in an increasingly narrow band, PnQnn.max as w c** as  v R/c (Pnomwn«x) ** 
decreasing. The P^n ,, values in the constant power range differ considerably  for different 
values o f  k and for V R/c  larger than 1, since as the m ost probable w indspeeds gather in a 
narrower band, the constant pow er range contributes less to  the total power. In the 
following table, the values o f  P„— /r . . . V R / c ( P n orm ' in V i)  and C F iP ^ ,,,,  ^ )  are given:
TABLE 9
Effect o f k. c = 4.5 m/s
k p■ norm,max T  (Pnocm.max) CF (Fnorm.max)
2.0 1.051 2.00 0.133
2.5 0.874 1.73 0.169
3.0 0.799 1.51 0.221
For a change o f k equal 
to 33.3% (from  2 to 3):
*23.9%  
AVr/c = 24.7% 
ACF = 39.8%
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Comparing tab les 8 and 9 it can be seen that the effec t o f  k is larger than that o f c, 
especially on the Vr/cCP,*,,,,, msx) values. It can therefore be concluded that the shape of 
the wind velocity  distribution has a larger effect on than the mean windspeed. The
curves o f figures 5.30 a and d can be compared with those o f figures 5.31 a and b 
referring to a  different turbine, taken from [65]. T h e y  seem to agree well, both 
qualitatively and  quantitatively revealing that the norm alisation o f the generator pow er is 
successful.
It can also be seen from table 9, that fo r k  =  2 and c =  4.5 m /s (which 
represents a typical wind regime with <V> = 4.02 m /s) Pnorm is maximised at VR/c  =  2.0 
(or VR = 9  m /s), but CF gets a very low value, namely 0 .1 3 3  and if  this value o f  VR/c is 
chosen for the prototype at that site, the turbine will opera te  on full capacity fo r about 
13% o f the tim e. This may be undesirable for some applica tions as explained before. The 
capacity factor can increase if  VR/c gets a lower value. Then the turbine will operate 
more time at the constant power range. Increase o f C F  b rings about a reduction in P ,v as 
shown in the follow ing table.
TABLE 10
k = 2. c = 4.5 m/s. <V> = 4.02 m /s
CF V, (m/s) V„/C v,/vm P.v (W) Yearly energy ! production (kWh)
0.133 9.00 2.00 3.00 48.5 424.86
0.300 6.36 1.41 2.12 34.5 302.20
In this table, P>v was calculated using equation 5.2.8, w h ile  the yearly energy production 
was estim ated by:
E = 8760 Pav (in kWh)
with 8760 the num ber o f hours in a 365 days year. It is ev id en t from the above table that 
fo r a CF increase o f about 55.7%, a drop o f 28.9% in both P>v and E results.
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Finally, assum ing that the P„onn(VR/c) and CF(V R/c) curves will be similar 
to those shown in figures 5.30 a and d  when a m ore suitable generator is used (w ith Tjg =
0.8 at VR), Pav and E can be estim ated using equation  5.2.7 with T|g = 0.8. The results are 
tabulated below:
TABLE II
Ic = 2. c = 4.5 m/s. <V> = 4.02 m /s. r^(VR) = 0.8
CF V„ (m/s) V„/c v„/vIN P „  (W)
Yearly energy 
production (kWh)
0.133 9.00 2.00 3.00 70.9 621.1
0.300 6.36 1.41 2.12 54.1 473.9
C om parison o f tables 10 and 11 reveals that with use o f a more suitable generator, both 
P>v and  E improve by 31.5%  and 36.2% for C F  values equal to  0.133 and 0.3 
respectively.
5.2.4. Conclusions.
The main conclusions drawn from th is  study are sum m arised here:
1. '  Optim isation o f the electrical load attached to the generator driven by the
prototype turbine can be achieved using a series resonant circu it when the 
prototype is used for space heating. W ith that optim isation im plem ented, 
the turbine operates at near-optim um  conditions throughout the partial 
pow er range.
2. T he generator chosen to be used for the system  prototype is adequate as a 
pow er absorber for the prototype tests, since a large range o f  w indspeeds
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can be sampled (0  to 9  m /s). However, it is not ideally suited for the 
prototype turbine when the system  is used for space heating. Due to the 
large armature resistance o f  the generator, the electrical losses are 
considerable. Its efficiency can  be improved i f  wires o f  larger diam eter are 
used for the stator windings.
3. The effects o f  the W eibull param eters k and c on the prototype long-term 
perform ance were investigated. It was found that increasing c causes 
Pnonn.max also VR/c(Pnormjn«) to increase due to  the increase o f  VR/  
V jn fo r a given value o f  V R/c . Increasing k causes PnonnmM and VR/  
c(p norm.max) to decrease due to  th e  fact that the m ost probable windspeeds 
concentrate at an increasingly narrow  band.
4 . For a  wind regim e w ith k =  2 .0  and c =  4.5 m /s (ie < V > *  4.02 m /s), the 
m axim um  average power produced  by the prototype w hen used for space 
heating was found to be 48.5 W  (*0.133 PR) and the yearly energy 
production was 424.9 kW h. W ith  use o f a more suitable generator (with 
tlg(V R) “  0.8), these quantities should improve by 31.5% .
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EA
Figure 5.1. Equivalent circu it o f  a permanent m agnet synchronous generator.
AB length : AB = IRAcos<t>
BC length : BC = Ico^L^m®
F ig u re  5 .2 . P h a so r  d ia g ra m  o f  a  p e rm an en t m a g n e t sy n c h ro n o u s  g en e ra to r  
c o n n e c te d  to  a  la g g in g  load .
Figure 5.3. Power flow of a synchronous generator.
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Figure 5.4. Sketch o f  an axial flux permanent m agnet synchronous generator. 
(Taken from [58]).
Figure 5.5. Sketch o f  the torque transducer measuring section.
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Amplifier I . rotai ion CW . range 25
Amplifier 2 . rotation CW , range 23
Voui (Volt)
Figure 5.7. Torque transducer calibration chans.
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Figure 5.8. Sketch o f  the experim ental set-up.
Generator open cirquit characteristic
Figure 5.9. Open circuit characteristic.
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Figure 5.10. Short circuit characteristic.
Figure 5.11. Variation of RA with I.
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R f =  1 0  M Q
----------- tA/Wv--------------
-----------1
V C p  -  > H F  =
in = V
______________________
F igure 5.12. Filter circuit.
Filter voltage (Volt)
Figure 5.13. Filter calibration chart.
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Figure 5.14. Pmilc(I,o>) plots. 
KEY:
Values o f  I (in A).
0 .3  (•), 0.5 (+), 0.8  (A). 1.0 (▼) 
1.2 (□ ), 1 .4(0), 1.6 (■ ), 1.8 (*) 
2.0 (0 ) . 2.2  (x).
Chapur S Pagi 170
Figure 5.15. Repeatability test results fo r I = 1.0 A. 
F irst ru n : '+'. Second run: 'o'.
Figure 5.16. Poul(I,w) plots.
1 ( A )
Figure 5.17. Generator efficiency plots.
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Figure 5.18. V(I,co) plots.
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Figure 5.19. <J)(I,cü) plots
" a  L »
Figure 5.20. Equivalent generator circuit w ith  a single resistor as a load.
Figure 5.21. Equivalent generator circuit with resisto r and capacitor in series as a load. 
(Resonant circuit).
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Figure 5.22. Weibull probability  density  distribution f(V ) fo r e  = 1 m/s and  various 
values o f  k. (Taken from [3]).
Figure 5.23. Weibull scale param eter divided by m ean windspeed versus k. 
(Taken from [3]).
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Figure 5.25. Load optimisation curves.
Figure 5.24. Wind turbine pow er versus windspeed
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Figure 5.26. Pe(V _) plot. V,N = 3 m /s, V„ = 9 m /s, V0  -  18 m/s.
Figure 5.27. 1(V_) ploi. V,N •  3 m/s, V , = 9 m/s, V0  -  18 m/s.
6*s« m
0.55
10 12 M  16 18
Vini (m/sec)
Figure 5.27. ilg(V ..) plot. = 3 m /s, VR = 9  m /s, VQ =  18 m/s.
Effe« of c
Figure 5.29.a. Pnonn(v R/c) plots fo r k 3  2 and various values o f  c ( c in m/s).
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Effect o f c
Figure 5.29.b. PnormfVu/c) plots in the partial power range, for k =  2 and various values 
o f  c  (c in m/s).
Effect o f c
Figure 5.29.C. PnonJVn/c) plots in the constant power range, for k = 2 and various values 
o f  c (c in m/s).
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Figure 5.29.d. CF(VR/c) plots for k = 2 and various values o f c (c in m/s).
Figure 5.30.a. Pnomi(VR/c ) plots fo r e  -  4.5 m /s and various values o f  k.
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Effect of k
Figure 5.30.d. C F(V R/c) plots for c = 4.5 m /s and various values o f  k.
Figure 5.31. Pho^ C V r/c ) and CF(VR/c) plots (a and b respectively) for a conventional 
wind turbine w ith V r/ V ^  -  2. V</VR -  2. P . -  V* in the partial pow er range. 
(Taken from [65]).
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CHAPTER 6. CONSIDERATIONS ABOUT THE SYSTEM
ORIENTATION-POWER REGULATION MECHANISM.
6.0. INTRODUCTION.
In chapter S, it was m entioned that a  power regulation mechanism will be 
necessary for the system prototype, in order to  keep the delta w ing-turbine system pow er 
output constant fo r windspeeds in the region between VR and VQ. In this chapter, several 
pow er regulation methods used for conventional wind turb ines are presented. An 
alternative pow er regulation technique is proposed which is believed  to be more suitable 
for the system. T h e  results o f wind tunnel tests carried out fo r assessing the potential o f 
the proposed technique are also presented and  discussed.
6.1. POWER REGULATION STRATEGIES USED FOR CONVENTIONAL 
TURBINES.
In the following, the m ost com m on power regula tion  techniques used for 
conventional turbines are presented and their potential fo r use with the delta wing- 
turbine system is considered. This inform ation was obtained from  references [1], [3], 
[66], [67], [68], [69] and [70].
6.1.1. Pitch control.
E ach turbine blade can rotate about its longitudinal axis. Thus, the blade
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p itch  angle can be altered towards feathering o f the blade at high  wind speeds, so that the 
turbine aerodynamic efficiency is reduced and the power is  kept constant. Often, only a 
sm all part o f the blade outer region is movable, acting as an  aerodynamic brake. The 
form er m ethod is called "total pitch control", while the latter is called "partial pitch 
control". There are various m echanisms for setting the turbine blades to  the desirable 
pitch angle. For small w ind turbines, masses attached to the blades, close to the hub are 
used. A t high wind speeds, as the turbine rotational speed increases and the m asses under 
the influence of centrifugal forces tend to  turn the blades tow ards feathering. For large 
turbines, computer controlled hydraulic jacks set the blades to  the appropriate angles. 
P itch  control can be used effectively fo r few bladed turbines. However, fo r m ulti-bladed 
turbines, such as those used for the delta wing system, the cost o f installing as many 
p itch  control mechanisms as there are blades is considered to be high. Practical 
difficu lties may also arise from  the fact that the blades are closely packed at the hub.
6.1.2. Stall regulation.
This control strategy can only be used when the turbine operates at the 
constan t rpm  mode. As the windspeed increases above VR, the tip speed ratio o f  the 
turbine decreases (since the turbine rotational speed is kept constant) and thus the angle 
o f  attack increases, and stall occurs on the blade. It usually starts at the inboard part o f 
the blade, and with increasing windspeed it spreads towards the blade outer part, until the 
blade is  totally stalled. The occurance o f stall reduces the turbine efficiency. The 
advantage o f this method is that it is a passive one, and no m oving parts are involved. 
H ow ever, stall regulation has several disadvantages, such as increased blade vibrations 
caused  by the stalled blade part. Also, fo r achieving stall at the desirable w indspeeds, the
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blade shape has to d epan  from the optimum (the blade tw ist angles are usually reduced  at 
the inboard pan o f  the blade) and  as an effect, the turbine aerodynam ic efficiency is 
reduced even at optimum conditions. Finally, fine-tuning o f  the method in order to  keep 
the turbine power constant is difficult, because the onset o f  stall cannot be accurately 
predicted from 2-dimensional aerofoil characteristics, due to  radial flow effects as will be 
explained in chapter 8. This technique cannot be used for the system prototype, as it was 
designed to operate at the variable rpm  mode.
6.1.3. Yaw control.
This strategy involves yawing the turbine o u t o f  the wind so as to reduce 
the effective incoming windspeed and thus keep the p ow er output constant. For large 
wind turbines, this is achieved by a computer controlled yaw ing m otor that sets the 
turbine to the appropriate yaw angle according to the w indspeed value. For small wind 
turbines, a mechanical system can be used. A tail vane and the turbine are m ounted 
eccentrically on either side o f the yaw  axis, so that the yaw ing  moment o f the tail vane is 
countered by that o f  the turbine. At windspeeds below the rated, the tail vane yaw ing 
mom ent is larger than that produced by the turbine thrust, and the turbine always faces 
the wind. At larger windspeeds however, the turbine thrust (and its yawing mom ent) 
increases and the system eqilibrium  is at non-zero yaw ing angles. The difficulty o f  using 
this m ethod for pow er control o f the system prototype rests upon the fact that in this 
case, the tail vane will operate w ithin a vortex flow (unlike the case o f  a conventional 
turbine in which a uniform flow attacks the tail vane). O peration  within a vortex flow 
may m ake the tail vane behaviour difficult to predict.
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A ny one o f  the above mentioned pow er regulation techniques can be used 
in principle for the delta wing-turbine system, provided that the problem s associated w ith 
its use can be overcome. However, these m ethods require control m echanisms to be 
installed on the system  turbines resulting in additional components for the system, apart 
from  the delta wing orientation mechanism. A n orientation mechanism will be necessary 
for the system, since in a real flow situation the wind velocity direction changes 
continuously and the delta w ing will need to be turned to face the wind.
The proposed control strategy is based  on the idea o f using the orientation 
m echanism  for pow er regulation as well. As show n in  figure 6.1, there are three stages in 
the operation o f  the orientation-pow er regulation mechanism: For windspeeds up to the 
rated (VR), the delta wing orientation will be altered so that it is aligned to  the incom ing 
w ind direction. For windspeeds above VR, the orientation mechanism will be used to 
yaw  the delta wing at increasingly large yaw angles, thus reducing the w ind pow er 
available to  the turbines. Finally, for w indspeeds above the cut-out velocity (VQ), the 
delta  wing will be turned a t 90° o f  yaw angle, so  that it presents the lowest possible 
frontal area to  the wind in order to  avoid structural dam age. It is evident that this control 
method will be the least expensive one, since no additional components will be required.
The proposed control strategy rests on  the assumption that yaw ing o f  the 
delta  wing affects the pow er w ithin its vortices. In  order to investigate the yaw effects on 
the vortices, the following series o f wind tunnel tests was carried o u t
6 .2 . P R O P O S E D  O R IEN TA TIO N -PO W ER  R EG U LA TIO N  T EC H N IQ U E.
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6.3. EXPERIMENTAL INVESTIGATION OF YAW EFFECTS ON THE DELTA 
WING VORTICES.
6.3.1. Instrumentation and experimental procedure.
The tests were carried out in the depanm ental wind tunnel whose working 
section is 1.4m by 1.1m. A 79° sweptback delta wing model was used, with sharp 
leading edges and a span o f 300 mm, set at an angle of attack o f  23°. The delta wing 
model configuration is the same as that chosen to be used fo r the delta wing-turbine 
system. The delta wing model was set at various yaw angles (5), ranging from -40° to 
+40°. Positive values o f 5  represent clockwise rotation o f the delta wing about its yaw 
axis, while negative S values represent anticlockwise rotation, as shown in figure 6.2. 
The yaw axis was normal to the wind tunnel floor, and thus the yaw  angle was not 
coupled with the wing angle o f  attack, as would be the case if  the yaw axis was chosen to 
be normal to  the wing surface. For each yaw angle setting, the total velocity o f the vortex 
flow (Vj q j ) was measured on the nodes o f  a 10x10 grid coinciding with the plane o f one 
o f the system turbines (see figure 6.3). The measurement grid was situated at the right 
hand side o f  the wing, as seen looking from the delta wing trailing edge towards its apex. 
The grid origin was placed at a chordwise distance of 0.8c downstream  o f  the wing apex 
(with c being the delta wing centreline length) and 7mm above the wing surface. The 
instrument used for m easuring Vjo t  was a D ISA 55D05 constant temperature hot wire 
anem ometer together with the DISA 55A22 hot wire probes. Five probes were available 
and they were all calibrated against a known flow  before they were used. Measurements 
o f the flow direction in the vortices were not carried out as they were not considered to 
be necessary. During the experim ent, the hot wire probe was clamped on a remotely
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controlled test rig , which was situated within the wind tunnel, downstream o f  the m odel. 
T he probe was placed at the appropriate grid positions, by use o f a BBC m icrocom puter 
controlling the five stepper m otors that were driving the test rig. The undisturbed w ind  
velocity (V „ ) upstream o f the delta  wing was m easured by a portable hot w ire 
anem ometer. T he readings were then processed by an appropriate com puter program , 
producing contours o f VXOT/V .. fo r each yaw angle setting. The instrum entation, 
experim ental procedure and data analysis program are virtually the same as those used 
fo r the vortex flow  investigation ca rried  out during the author's studies for his M Sc 
degree. More details about the anem om eter operation and hot wire probe ca libration as 
well as the test rig  description and the contouring program developm ent can be found in 
that MSc thesis. (Reference [43]).
6.3.2. Presentation of results.
In figures 6.4, 6.5, 6 .6 , 6.7 and 6.8 the experim ental results are show n in 
the form o f  VT a rA ' .  contour plots. In each figure, the plo ts for yaw angles o f  equal 
magnitude and opposite sign are jo in ed  together. This was achieved by rotating the 
negative yaw angle plots from left to right about the venical axis, so that they represent 
the flow on the left hand side turbine plane (at positive yaw angles), although the 
readings were taken at the right hand  side turbine plane (at negative yaw angles). T he 
tw o parts o f  each  figure are pictures o f  the flow at different planes that coincide only  at 
the vertical line where the two plots m eet. Since although each figure consists o f  tw o 
different sets o f  readings joined together, the velocity contour curves almost coincide on 
the line w here the two measurem ent planes meet, it can be concluded that the 
m easurem ents are quite reliable. A sm all discrepancy occurs only at figure 6 .6 , (5=20°)
Chapter 6 Pag* 188
due to misalignm ent o f  the two m easurem ent planes. In figure 6.9, the zero yaw angle 
flow is shown for comparison.
It is evident from the above m entioned figures, that th e  delta wing yaw 
effects on the vortices are quite significant. W ith 8  increasing, the left hand side vortex 
core moves spanw ise tow ards the wing centreline. A lso the distance o f  that vortex core 
from the wing surface (on the turbine plane) decreases with 8  increasing . At 8 = 5°, an 
increase in VTOTA '„  can  be observed, com pared to  the Vj q j /V ^  v a lu es  o f  8 = 0°. The 
left hand side vortex o f  8  = 5° has a 25% larger value o f VTOT/V .. a t the vortex core 
region. However, tow ards the vortex circum ference, the VTOTA '„  values o f  the two 
vortices com pared above are similar. This increase o f  the flow velocity  can be attributed 
to the fact that the vortex is about to burst. Indeed, Hummel in [38J has observed similar 
phenomena in a series o f  delta wing vortex breakdown tests. The VTOTA '«  values just 
before vortex breakdown were found to be as large as 8.0. In o u r case, the left hand side 
vortex bursts when the yaw  angle further increases and becomes equal to  10°. (See figure 
6.5). W ith 8  increasing above 10°, the burst vortex expands further. Its core also 
expands, with the total velocity in it becoming as low as 0.3 V „ (8  =  30° to 40°). At 8  = 
40°, the burst vortex covers all the flow field, shifting over the o th e r side o f  the wing. 
The flow turbulence also  increases with 8 increasing, as a result o f  the burst vortex 
expansion. For 8  = 40°, velocity readings were possible with only tw o  significant digits 
inside the left hand side vortex core region, due to  the large scale fluctuations o f  the flow 
there. For 8  = 5° how ever, readings with 4 significant digits were possib le throughout the 
flowfield.
Also, with 8 increasing, the right hand side vortex m oves spanwise 
towards the wing leading edge and the core vertical distance from  the wing surface 
increases. At 8  =  20°, th is vortex has almost departed out o f  the m easurem ent plane. In
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that case the righ t hand side vortex turbine will be exposed to  an almost uniform axial 
flow. W ith further increase o f 6. the left hand side vortex appears and it eventually takes 
over. For 5=30° and 40°, the right hand side turbine flow fie ld  is dominated by the left 
hand side vortex. The fluid in this vortex rotates in the opposite direction to that o f the 
turbine.
A s an indication o f the power available to the turbine at various yaw 
angles the values o f  <  w ere calculated fo r the turbine swept area. This was
done as follow s: The azimuthal average o f Vtot/V«, was calculated first for ten different 
radial distances on the turbine sw ept area. For each radial distance, eight azimuthally 
equidistant po in ts were used for calculating the azim uthal average. Then, the radial 
average w as calculated using the ten  azimuthal m eans and  the <  Vjo -j/V«,:»3 was 
estim ated. T he results are shown in figure 6.10. From  that figure, it is evident that the 
m axim um  value o f  <  is obtained at 6  =  0°. T his is  because at all other values
o f  6, the vortex core centreline and the turbine axis o f  ro tation  are not aligned and the 
average V TOt  values decrease. <  Vtot/ V « ^  changes very  rapidly with only a small 
change o f the yaw  angle. For exam ple, at 6  = 5°, <  VTOt/V«,:»3 reduces to 91.8% and 
83.7%  o f the zero yaw value for the left and right hand  side vortex respectively. Also, at 
6  =  40°, <  VTCyi/V 00>3 decreases to  20.4%  and 8.2%  o f  the zero yaw value for the left 
and right hand  side vortex respectively. It can also be seen from  figure 6.10, that the drop 
o f  <  V j o j /V oo» 3 is different fo r the right and left hand side vortex due to the different 
behaviour o f  each  vortex for the sam e yaw angle.
6.3.3. Implications for the orientation-power regulation mechanism.
From  these observations, useful conclusions can be drawn about the 
proposed orientation-power regulation m echanism o f  the system. First o f all, the
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significant reduction o f  the power available to  the system turbines w ith increasing yaw 
angles ca lls  for a fast response orientation m echanism  o f  the delta wing for windspeeds 
below the rated. The orientation m echanism  tolerance in yaw appears to be within ±5°, 
so that p ow er losses due to  turbine-vortex m isalignm ent and vortex breakdown can be 
avoided. T h is may be feasible for the case o f  the system prototype, but for larger 
versions o f  the system, such as those presented in chapter 4 , the large delta wing and 
turbine inertia  will prevent large accelerations o f  the system to catch up with the 
changing w ind  direction. Thus, the system is likely  to operate for a considerable amount 
o f time in  yaw. This can bring about an average power loss o f the system, due to 
m isalignm ent with the wind, as is  the case fo r all large conventional wind turbines.
As far as the use o f  delta  w ing yaw  fo r regulating the system 's power, this 
study has dem onstrated that it is  feasible, since the pow er available to the turbine can be 
reduced to  about 10% o f its original value w ithin 40° o f  yaw. The turbines' power output 
at yaw w ill be further reduced, due to  the turbine-vortex misalignment and the 
subsequent loss o f aerodynam ic efficiency. F o r a  system  with two turbines, each turbine 
will p roduce different pow er at a given yaw angle, since the incoming flow that attacks 
each turbine will be different. However, this is  no t expected to be a problem, since it is 
the sum o f  the power provided by the tw o turbines that must be kept constant and 
appropriate values o f 6  fo r achieving the above a t all windspeeds above V R are likely to 
exist.
Possible problem s that m ay be encountered by the use o f the proposed 
power regulation technique are blade vibrations caused by vortex-turbine misalignment 
and vortex breakdown. W hen the turbine axis do es  not coincide with the vortex cetreline, 
the flow  is  no longer axisym m etric and cyclic loads are expected to be imposed on the 
blades, leading to  vibrations. Also, the increase o f turbulence in the burst vortex core
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m ay aggravate the turbine vibrations. T he severity  o f  this problem cannot be foretold at 
this point, and further experimentation m ust be carried out during the system prototype 
tests (w ith the delta wing at yaw ) for assessing  its magnitude.
6.4. CONCLUSIONS.
A  sum mary o f  the most im portant conclusions drawn from this study is given here.
1. T he vortex flow produced by a 79° sw eptback delta wing set at an angle of 
attack o f  25° is greatly affected by yaw . The vortex at the left hand side of 
the wing looking from the wing trailing  edge towards the apex behaves as 
follows: For positive yaw  angles (ie clockwise rotation o f  the wing) the 
vortex moves towards the wing centreline with its vertical distance from the 
surface decreasing. A t about 5  =  10°, the vortex bursts. W ith further 
increase o f 5, the burst vortex expands and moves towards the right hand 
side o f the wing. At 5  =  40°, it dom inates the flow, covering alm ost all the 
area above the delta w ing surface. A lso , with 5 increasing, the right hand 
side vortex moves tow ards the w ing leading edge and its distance from the 
wing surface increases. A t 8  =  20°, this vortex was found to be out o f the 
measurem ent area. For 20° £  5  £  40°, the left hand side vortex takes the 
place o f the right hand side one, and  eventually dominates the flow.
2 . As the < VtotA '« > 3 values (ind ica tive o f  the wind pow er in the vortex) 
decrease with increasing yaw angles, a fast-response orientation mechanism 
is needed for the delta w ing-turbine system , in order to direct the wing 
towards the wind. The tolerance o f  this mechanism is not expected to be 
more than ±5° o f yaw, in order to  avoid power losses due to vortex core-
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turbine m isalignm ent and vortex bursting.
- r
3. Power control o f  the system by yawing o f the delta wing is possible since 
the power in the delta wing vortices decreases considerably with increasing 
yaw angles. O n the o ther hand, problems may occur, due to vibrations of 
the turbine blades caused by vortex core-turbine misalignment (cyclic 
loading) and vortex bursting (increase in turbulence). The magnitude o f X
these vibrations must be estim ated during the system prototype tests.
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Figure 6.1. Control strategy o f  the proposed power regulation m echanism .
Figure 6 .2 . Definition o f  yaw angle sign. Delta wing viewed from above.
Figure 6.3. Position o f measurement piane on delta w ing .
Figure 6.4. VTOT/V„ contours for 6 = 5°.
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Figure 6.5. V-foj/V.. contours for S = 10°.
Figure 6.6. VTOT/V.. contours for 6 = 20°.
Figure 6.7. VTOT/V„, con tours  for S =  30°.
Figure 6.8. VTOT/V „ contours for ô = 40°.
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Figure 6.9. V-j-q j/V .. contours for S = 0o.
Figure 6. iO. Variation o f < V-j-q t /V ..>3 with yaw angle.
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CHAPTER 7. CONSTRUCTION OF THE DELTA WING-TURBINE 
SYSTEM PROTOTYPE.
7.0. INTRODUCTION.
In this chapter, the progress made in the construction o f  the delta wing- 
turbine system prototype is review ed. The m ost im portant aspects o f  the prototype 
design are presented as well as the tw o different techniques tried for m aking the turbine 
blades. Finally, a brief account is given o f the prototype delta wing design and the 
progress m ade in its construction.
7.1. DESCRIPTION OF THE PROTOTYPE.
The prototype design consists o f  a slender delta wing with sharp leading 
edges and a turbine m ounted on it. T he delta wing centerline is 7.68m long while its span 
is 2.98m. T he turbine has 10 blades and a diam eter o f  1.2m. It is direc tly  linked to the 
prototype generator (presented in chapter 5). The turbine blade characteristics have been 
described in chapter 4. A sketch o f  the prototype is show n in figure 7.1. The prototype 
dimensions were decided after considering the turbine blade construction feasibility: 
Initially, a model o f about 1/3 the dim ensions o f the prototype was envisaged for testing 
in the departm ental wind tunnel. However, the model turbine blades w ere found to be too 
small for their construction to  be feasible and thus the prototype resulted. On the other 
hand, the prototype is too large for testing in the wind tunnel (whose w orking section is
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1.1m by 1.4m), an d  hcncc a different testing m ethod is necessary. As can be seen in 
figure 7.1, during  the prototype tests, the delta wing and the turbine will be m ounted on a 
car borrowed from  the British Hang-G lider Association, used in the past for testing the 
longitudinal stab ility  o f  hang-gliders. The car will be driven on a suitable airfield at the 
required speed an d  the resulting windspeed as well as the generator output will be 
measured, so that the m echanical power produced by the turbine can be estim ated at 
various operating conditions. It is evident that the tests must be carried out on a calm 
day.
It w as decided to  attach the blades to  the hub as shown in figure 7.2 
having made approxim ate calculations o f the forces, m om ents and stresses exerted on 
them. Each blade is  fixed to the blade root by a pin in double shear. The blade root 
consists o f tw o cylinders connected by a pin and the root is in tum  fixed to the hub disc 
by another pin. T h is  mechanism allows the blade to have two degrees o f  freedom , a 
flapwise one and o n e  in lag, for reducing the stresses on the blade root.
T he turbine rotor and generator are m ounted on the delta wing using a 
tow er shown in figure 7.3. T he turbine tow er rests on a disc shaped platform. It is 
connected to the platform  by a c a r  towing ball and it can be rotated and  tilted in order to 
adjust the turbine position so that it is aligned with the vortex centreline. The tow er 
height is also adjustable for the same reasons. An emergency brake has also been 
included. It consists o f  a flywheel attached to  the turbine shaft behind the generator and a 
bicycle brake that operates on the flywheel. The brake can be operated by cable from 
inside the test vehicle.
T he delta wing consists o f tim ber boxes bolted to each o ther and held in 
place by a m etal framework. T he delta wing can be split into five parts so that its 
transportation to  the test site is possible. (See figure 7.4). It is m ounted on the test
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veh ic le by an "A" shaped rig. (See figure 7.1). T he delta wing is bolted on a platform 
situa ted  at the top o f  the rig. This platform is tilted by an angle o f 25°, equal to the delta 
w ing  angle o f attack. The delta wing can also be yaw ed by ±40°. For extra support, 
adjustable tension wires hold the wing on the test vehicle body. F inally, the "A" shaped 
r ig  is  connected by specially m ade fittings on the car roof.
7.2. PROGRESS IN THE TURBINE CONSTRUCTION.
The turbine tower, generator housing, shaft and em ergency brake as well 
as the turbine hub have all been constructed and assembled with no significant difficulty. 
T h e  m ost difficult part o f  the turbine construction was the production o f  the blades. The 
follow ing  tw o different techniques have been tried for making the blades.
7.2.1. Sand casting of turbine blades.
A blade pattern was made first out o f  high grain polystyrene (styro-foam) 
as follows: A thin resistor wire heated-up by a DC pow er source was used for cutting the 
tu rb ine blade shape in the polystyrene by m elting it. The wire was made to slide 
sm ooth ly  on aerofoil shaped slots cut by a num erically controlled m achine in aluminium 
plates. The plates w ere situated on cither side o f the polystyrene block. The hot wire was 
operated  by two people. It was inserted in the polystyrene from the trailing edge, it was 
then  m oved around the aerofoil upper and low er surfaces, and left the polystyrene block 
from  the trailing edge. The entire blade was divided into seven spanw ise parts each o f 
w hich  was made separately by this m ethod, and then the parts w ere glued together. 
T w elv e  blades were made.
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The polystyrene blade was em bedded in sand rich in resin, which was then 
hardened by am m onia passing through it. Thus a mould was created. Molten aluminium 
was then poured in the m ould through an appropriate system o f  poureres and risers, 
replacing the polystyrene by m elting it and thus creating the blade. Several initial trials 
o f this m ethod w ere carried out first, for deciding on the appropriate aluminium 
tem perature. It was found that the aluminium temperature should not be less than about 
740° C, which is the m axim um  temperature that can be used in this method. It was also 
found that better results w ere achieved when the polystyrene was removed from the 
m ould before the metal was poured in, as the melted polystyrene gases were blocking the 
metal passage. A fter the initial trials, several moulds were produced, and the blades that 
resulted w ere not o f  satisfactory quality. The metal solidified before reaching the blade 
tip, and only the inboard 80%  o f  the blade was produced. The m etal temperature was 
raised above 740° C , in an attempt to produce a whole blade, but the mould cracked, 
resulting in an unsuccessful cast. The surface quality o f the blades produced was not 
satisfactory, as in some parts o f  the mould the sand was washed aw ay from the surface 
by the hot metal. A nother problem was that the polystyrene being flexible, could be 
deflected from its original shape by the sand weight. Not being able to produce 
satisfactory blades, the sand casting method was abandoned and a m ore sophisticated one 
was tried.
7.2.2. Production of blade moulds using a numerically controlled cutting 
machine.
A num erically controlled cutting m achine, available to the 
M icroengineering G roup o f the Engineering departm ent was used for producing the 
blade moulds. T his m achine is a 3-axis one, ie the cutter can be m oved along its three
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axes simultaneously. The machine can be program m ed e ither directly , from its own 
keyboard, or indirectly, from an other com puter, producing A SC II files containing the 
instructions. T he latter method was used fo r this application, as the num ber of 
instructions required was found to be larger than that which the m achine memory could 
accommodate. T he programming language o f the machine is the ”G " codes. It is a set o f 
instructions starting with the letter ”G" (hence the name) and followed by a number, 
defining the cu tter movement (ie linear or circular interpolation, movem ent along a 
curved path and so  on), and sets o f coordinates that define the start and end points o f  the 
movement.
T he blade mould was made as follows: The blade was split into tw o parts, 
along the surface defined by the aerofoil chord, called "parting surface". The parting 
surface is not planar, due to the blade twist. Thus, the m ould com prises tw o halves, one 
containing the upper blade surface (ie the suction side o f  the aerofoil), the other 
containing the low er blade surface (ie the pressure side). Each m ould half was made 
separately, with the parting surface and the appropriate blade part m achined on it. The 
two halves could then be joined along the parting surface and fo r accurately positioning 
them relative to each other, dowel holes w ere drilled using the com puter controlled 
cutting machine on the parting surface, at exactly the same positions for each half.
A com puter program was developed (written in fortran) in order to 
generate the instructions for the machine to  cut the blade m oulds. T he aerofoil shape was 
approxim ated using a least squares routine. By appropriate m anipulations o f the aerofoil 
shape along the blade span (ie reduction o f chord length caused by the blade taper and 
rotation o f the aerofoil due to the blade tw ist), representations o f  the upper and lower 
blade surfaces (together with the parting surfaces) were generated, having the form of 
m atrices with the coordinate values o f the blade surface points at certain spanwise and
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chordw ise stations. T hese stations are effectively the start and end positions required for 
defining the cutter m ovement. Since the blade twist and taper distributions w ere linear 
(see chapter 4), it was decided to m ove the cutter linearly along a 3-dimensional 
fragm ented line in the blade spanw ise direction. During each passage, the cu tter was 
program m ed to m ove from the blade hub to the tip and back again, gradually advancing 
from the blade leading edge towards the blade trailing edge. T he cutter used w as a ball- 
ended one, having a  diam eter o f  10 mm. Corrections com pensating for the cutter 
dim ensions were included in the program. O nce the positions and movem ent o f  the cutter 
were calculated, the program created a file in G-code, with the instructions to the cutting 
m achine. The cutter was so m oved, that the blade surface was gradually sunk into the 
workpiece. For doing so, the program  m anipulated the vertical (z) axis coordinates o f  the 
blade surface. First, it calculated the lowest point o f the surface and started cutting from 
there, aborting all o ther movements o f  larger height that w ould result in the tool moving 
above the workpiece. A fter that cycle was com pleted, the blade surface vertical axis 
coordinates were updated, so that the tool would cut deeper into the w orkpiece. This 
procedure was repeated, until the whole surface was sunk into the workpiece.
The com m and Files produced from this process were about 6000 lines 
long. They were fed into the cutting m achine sequentially by a m icrocom puter connected 
to it, since the m achine's m em ory was not large enough. The m aterial used for the 
m oulds to be cut from was alum inium. The quality  o f  the moulds produced is excellent 
and the aerofoil characteristics are accurately machined on the m ould surface. The 
alum inium  moulds can be used for casting plastic blades. If aluminium blades are 
required, steel moulds have to be made. T he advantage o f  a metal m ould o ver those 
made o f  sand is that it can be heated in order to minim ise the thermal losses o f  the 
pouring material and thus prevent premature solidification before all parts o f  the mould
Chapltr 7 Pag» 204
are filled. It is hoped that with an appropriate pouring system, casting o f the turbine 
blades will be feasible, leading to blades o f better quality than those produced by the 
sand casting technique.
7.3. PROGRESS IN THE DELTA WING CONSTRUCTION.
The prototype delta wing has been designed and draw ings o f it have been 
produced. The "A" shaped tow er that will support the delta wing on the test vehicle has 
been constructed. Unfortunately, the delta wing construction was seriously delayed due 
to lack o f  adequate personnel at the departmental workshops. An effort was made for 
raising funds in order to assign the m anufacturing work to contractors outside the 
university, but it failed to produce successful results. As it was not likely that the delta 
wing w ould be ready before the author's thesis submission deadline, the delta wing 
project was shelved, and work was transferred to the counter-rotating turbine project 
which is presented in pan C  o f  this thesis. More cost-effective alternative design 
proposals for the delta wing are now under consideration.
7.4. CONCLUSIONS.
The most im portant conclusions from this review are:
1. T he delta wing-turbine system has been designed and m ost practical 
problem s concerning its construction have been solved.
2. T he sand casting technique for making the prototype turbine blades has 
proved to be unsuccessful. The quality o f the blades produced was poor, 
while only the inboard 80%  o f the blade could be produced, due to
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premature solidification o f  the pouring material.
3. The com puter controlled cutting m achine was successfully program m ed for 
cutting m oulds for the blades to be cast from. It is hoped that this technique 
will prove to be more successful than the sand casting o ne , and as the 
pouring m aterial solidification problem s can be overcom e, good quality 
blades are likely to  result. Furtherm ore, the m ould geom etry is more 
accurate than that o f  the hand-made polystyrene forms.
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Figure 7.1. Sketch o f the Prototype and test vehicle.
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Figure 7.4. A) T he five parts o f  the prototype delta wing. Broken lines show the timber 
boxes that make up each part. B) Layout o f  a typical box.
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CHAPTER 8.
CONCL USIONS-COMMENTS-A REA S 
OF FURTHER RESEARCH.
CHAPTER 8. CONCL USIONS-COMMENTS-AREAS OF FURTHER 
RESEARCH.
8.0. INTRODUCTION.
In the following, the main conclusions o f part B are presented, the 
accuracy o f  the system turbine m odelling is com m ented on, and possible areas o f  further 
research are proposed.
8.1. CONCLUSIONS OF PART B.
8.1.1. Comparison with conventional turbines. Based on the 
results o f  a lifting line design model presented previously, the delta wing-turbine system  
was scaled-up and compared with existing horizontal axis turbines o f various sizes. It 
was concluded that the system is suitable for small to medium size applications (up to 
100 kW  o f  rated electrical power). Beyond that however, the delta wing required 
becom es too big to be practical. The advantages o f the system over a conventional 
turbine are:
•Sm aller rotor area for a given rated power.
•Rotors operate in larger rotational speeds. This enables use o f ligh ter 
w eight and more efficient gearboxes, o r if alterations in the system's design are 
im plem ented, gearboxes can be elim inated (for power outputs approximately up to 
lOOkW).
•Rotors are closer to the ground. This reduces erection and m aintenance
costs.
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The only disadvantage o f  the system is the large delta w ing needed. 
However, fo r sm aller pow er turbines, (15-100 kW ), the overall sizes o f  equivalent 
machines are comparable.
8.1.2. Re effects on prototype turbine. T he lifting line procedure 
fo r designing wind turbines presented in part A o f this thesis was used fo r the design of 
the 1.2 m d iam eter turbine o f  the system prototype, including Reynolds num ber effects. 
It was found that as the turbine operates within the low Reynolds num ber regim e, (below 
103), scale effects become quite important, leading to  a reduction o f  the original high Re 
turbine m axim um  power coefficient (Cpjn, x) o f about 20%. The prototype turbine was 
redesigned in an attempt to im prove its perform ance. It was found that use o f  a more 
suitable low Re aerofoil, (G OE 795), increase o f the blade chord to  tw ice that o f  the high 
Re turbine, reduction o f the turbine blades to 10, linear blade taper and  variable optimum 
angle o f  attack distribution along the blade (in order to m atch the variation o f  a ^ ,  with 
Re) reduced the power coefficient drop to 4.7%  below that o f  the original high Re 
design, whilst the prototype turbine was still operating at a high tip speed ratio  (=  6.75).
8.1.3. Performance of the prototype turbine. A lifting  line 
procedure for predicting the perform ance o f  wind turbines was developed. It w as applied 
to  the case o f  the system prototype turbine. It was found that increase o f  the blade chord 
towards the hub (for strength) and linearisation o f the blade twist angle d istribution (for 
ease o f manufacture) did not affect the turbine performance significantly, as a reduction 
o f  0.24%  in C pjnjix resulted from these m odifications. Once again. Re effects w ere found 
to affect the turbine perform ance considerably: An increase o f  the undisturbed wind 
velocity from 3 m/s to 13 m /s caused the turbine Cp,,,,,, to increase by 16.6%.
8.1.4. Generator considerations. A permanent magnet, sing le phase, 
axial flux, synchronous generator which is to be used as a pow er absorber for the
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prototype turbine was bench tested. The generator model param eters w ere identified as 
well as the pow er losses through it. T he latter is effectively a calibration o f  the generator. 
With use o f  the generator test results, the turbine perform ance prediction data and a 
suitable w ind distribution model, the long term perform ance o f the prototype was 
estim ated assum ing that it is used for heating purposes. It was found that use o f a series 
resonant circuit achieved optimisation o f  the electrical load to the generator, allow ing the 
turbine to operate in near-optimum conditions throughout the partial pow er range. It was 
also found that the generator is not ideally suited to the turbine. Due to its large armature 
resistance (and subsequent electrical losses) only 55%  o f  the m echanical pow er produced 
by the turbine was converted to useful electrical power, resulting in a yearly energy 
production o f 424.9 kW h for a typical wind regim e with an average w indspeed o f about 
4 m/s. W ith use o f  a more suitable generator (with 80%  efficiency) this quantity  should 
im prove by 31.5%.
8.1.5. Power regulation considerations. A w ind tunnel inve­
stigation o f  yaw  effects on the vortices produced by a delta w ing model sim ilar to that 
used by the system was carried out in order to facilitate decisions on the system’s 
orientation and pow er regulation m echanisms. It was found that the position and  shape of 
the vortices was significantly affected by yaw. Also, the pow er available to the system 
turbines w as considerably reduced by yaw  effects. Thus, a fast response orientation 
m echanism  will be necessary for the system  with a sensitivity o f about ±5° o f yaw. 
Yawing o f  the delta wing for regulating the system pow er output can be used provided 
that the anticipated blade vibrations due to turbine-vortex m isalignm ent and vortex 
bursting are proved not to be severe.
8.1.6. Prototype construction progress. The system  prototype has 
been designed  and som e pans o f it have been constructed. O f the tw o techniques used for
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producing moulds for the turbine blades to be cast from, the sand casting method proved 
to  be unsuccessful, while good quality blade moulds w ere produced using a computer 
controlled cutting m achine. Unfortunately, the prototype delta wing construction has 
been seriously delayed due to lack o f adequate personnel at the departmental workshops. 
As it was not likely that the delta wing would be ready before the end o f the author's 
period  o f  studies, the prototype tests were postponed.
8.2. COMMENTS ON THE MODELLING OF THE SYSTEM TURBINES.
The design and performance analysis procedures used for m odelling the 
system  turbines are engineering approximations to the com plicated fluid dynamics 
problem s covered in this work. Therefore, apart from errors introduced by the numerical 
techniques used, (w hich have been mentioned at the appropriate sections o f each 
chapter), the accuracy o f  these methods depends on the validity  o f  a series o f simplifying 
assum ptions. These assum ptions and the effects they m ay have are discussed in this 
section.
8 .2 .1 . Lifting line hypothesis. For estim ating  the turbine interference 
to the flow, the blades were substituted by lifting lines neglecting the blade thickness 
envelope and chord. This assumption is justified from the fact that the designed blades 
are o f  high aspect ratio, equal to about 20. Lifting line theory has also been used in other 
sim ilar applications such as helicopter blades and propeller analysis, with considerable 
success.
8 .2 .2 . Wake expansion and vortex sheet deformation. In the
w ake model used fo r the turbine design and performance analysis (presented in chapter 
2), it  was assumed that the trailing vorticity consists o f  semi-infinite, helical vortex
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sheets shed from the turbine blades that retain their shape at infinite distance downstream 
o f  the turbine. T he vortex sheets however cannot sustain any load and as a result they 
follow  the local flow. H ence, the vortex sheets' shape will only be retained if  the flow 
within the wake rem ains the same downstream o f  the turbine. This does not happen, as 
the wind axial velocity within the wake decreases with increasing distance from the 
turbine. Therefore, the fluid mass conservation law  dictates that the wake diam eter 
increases and as a result, a radial velocity com ponent exists within the wake that causes 
the vortex sheets to  follow the wake expansion. Furthermore, the filam ents that 
constitute each vortex sheet induce velocities on each other. As was explained in chapter 
2, under mutual interaction, the filaments rearrange themselves around the strongest 
ones, causing deform ation o f  the vortex sheet cross-section. This effect is called vortex 
sheet deformation. Both these effects cause the induced velocities on the turbine blades 
to  be different from the theoretically predicted values. However, the deviations from the 
theory are not expected to be large as the w ake expansion and the vortex sheet 
deform ation happen gradually. The axial com ponent o f  the flow velocity within the wake 
is  large, and the vortex sheets move aw ay from the turbine fast enough, so that 
substantial deviations from the assumed vortex sheet shape are expected to  occur several 
blade span lengths downstream  o f the turbine. T hat part o f the vortex sheet however 
(according to the Biot-Savart law) contributes little to  the overall induced velocity. Also, 
the errors introduced from the substitution o f  the blades by lifting lines are expected to 
be much larger than those caused by the above m entioned effects.
8.2.3. Incoming flow azimuthal variations. T he flow attacking the 
turbine was assum ed to be axisymmetric. A s can be seen in figure 4.3, some azimuthal 
variations o f the vortex flow occur, especially in the axial and tangential components. 
T he effect o f these variations is to induce cyclic loads on the turbine blades and thus
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cause blade vibrations. A lso, som e loss o f  power from the turbine is expected, as during 
one rotation, each blade will operate a t non-optimum conditions fo r a part o f the turbine 
swept area. As was reported in re ference [43], the largest azimuthal variation o f  the 
incom ing flow velocity com ponents was that o f the tangential velocity (v), at a radial 
distance x=0.6 from the turbine axis. Its magnitude was found to  be (Av/v) =  ±10%. 
U sing equations 2.3.1, 2.3.4, 2.3.8 and 4.5.5 as well as the local flow  characteristics at 
x=0.6 for optimum  conditions, the blade driving force and thrust oscillations resulting 
from the tangential velocity azim uthal variations can be calculated. From equation 2.3.4, 
follow s that the relative velocity variation (for (Av/v) = ±10% ) is: (AW/W) = +3%. Also, 
from equation 2.3.8, follows that (A P /p j) = ±3% and from equation 2.3.1, A a  = ±0.5°. 
F inally, from equations 4.5.5 the d riv ing  force and thrust (per unit span) variation at 
x=0.6 can be obtained:
(AFd/F d ) » ± 0 .1 % , (AT/T) -  ±2%.
T he low values o f  the force oscillations are due to the fact that an increase o f v causes W 
to  decrease and Pj to  increase (see also  figure 2.8), and thus the net effect is small. The 
above analysis has shown that the blade vibrations due to azimuthal variations in the 
incom ing flow are not expected to be large. Also, since the driving force (and hence 
torque) oscillations were found to be negligible, no significant loss o f power is expected 
to result from the flow  azimuthal variations.
8.2.4. Interaction between the system turbines. For comparing 
the delta wing-turbine system with conventional wind turbines (chapter 4, section 4.3), 
the system was taken to have tw o turbines. Each turbine was assumed to operate 
independently o f the o ther and the aerodynam ic interference caused by one turbine upon 
the other was neglected. This can be ju stified  considering the findings o f [71]. In that 
reference, a series o f  wind tunnel tests is reported, carried out for estimating the
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interference o f  turbines operating  side-by-side (ie with their rotors lying in the sam e 
plane), at small distances. T w o  similar 2-bladed turbines were used and the p ow er 
produced by each turbine fo r different distances between them was com pared to  the 
power o f each turbine when operating alone for two cases, one with the turbines ro tating  
in opposite directions (as the system turbines do) and another with the turbines rotating 
in the sam e direction. It w as found that for both cases and for values o f a param eter t <  
1.4 (defined as t = L/D, w ith  L the distance between the turbine axes and D the turbine 
diam eter), a small increase o f  the turbine power was observed (about 1% to  2 % )  
compared to the power produced by each turbine when operating alone. T his w as 
attributed to  the interaction o f  the two turbines' wakes. Indeed, flow visualisation s tudies 
have revealed that the trailing  vortices shed from the blades o f one turbine w ere 
considerably weakened u nder the presence o f opposite rotation trailing vortices shed 
from the o ther turbine. For values o f t > 1.4, no significant changes were observed in the 
perform ance o f  the turbines. For the case o f  the system turbines, t ■ 1.25, and a sm all 
increase in the turbine perform ance may be expected. However this does not ju stify  the 
undertaking o f  a considerable effort for modelling the turbine wakes’ interaction.
8.2.5. Radial flow effects. For estimating the forces exened  on the 
turbine blades, 2-dim ensional aerofoil characteristics were used, assum ing that the 2- 
dimensional aerofoil boundary layer is sim ilar to the 3-dimensional one o f the ro tating  
blades. However, in references [72), [73] and [74) it was reported that for small tip speed 
ratios the turbine perform ance predictions (carried out using momentum theory) w ere 
found to deviate from the experimentally measured ones. The discrepancies betw een 
theory and experim ent w ere increasing with decreasing tip speed ratio, especially when a 
large part o f  the blade was stalled. It was also found that the onset o f  stall (as predicted 
using the 2-dimensional aerofoil data) was delayed and also beyond stall, the lift
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coefficient values were found to be larger than expected, w hile the drag  coefficient 
values were found to be less. T hese effects were attributed to radial flow s within the 
blades' boundary layer. (See references [72], [75] and [76]). T hese radial flows can be 
created  by a num ber o f causes such as centrifugal and Corriolis forces as well as 
spanw ise pressure gradients on the turbine blades. The effect o f rad ia l flow s is to thin the 
blade boundary layer, removing its lowest velocity regions aw ay from  the blade. 
Therefore, the radial flow acts as a boundary layer control m echanism  (sim ilar to that 
u sed  in aeroplane w ings where air is sucked away from the wing surface) inhibiting stall. 
A t post-stall situations, thinning o f  the stalled boundary layer reduces form drag. As was 
reported in [75] and  [76], use o f 2-dimensional post-stall aerofoil characteristics leads to 
underprediction o f  the turbine performance. However, for pre-stall situations, the 2- 
dim ensional aerofoil characteristics can be successfully used fo r m odelling o f  wind 
turbines. Indeed, tuft and oil visualisations o f turbine blades' boundary layer flows (see 
references [76] and  [77]) have revealed that significant radial flow s ex ist only at post­
stall angles o f attack. Therefore, for the case o f the vortex turbine design , radial flow 
effects are expected to be negligible as the whole blade is designed  to  operate at the 
optim um  angle o f  attack, which is well below the stall angle. A lso , the prototype turbine 
long  term operation m odelling is not expected to be influenced by radial flow  effects, 
since the turbine operates at near-optimum conditions throughout the partial power 
range. Radial flows may have an effect on the turbine perform ance predictions for low 
tip  speed ratio values, where some part o f the blade is stalled. R adial flow  effects are not 
yet fully understood, and research in that area still goes on.
From the above, it can be concluded that the vortex turbine m odelling has 
included most o f  the phenomena associated with wind turbine aerodynam ics (such as tip 
vortex effects. Re effects, wake rotation effects and radial variations o f  the incoming
Chapur I Pag* 216
flow ). Those not taken into account are not expected to  introduce significant errors.
8.3. AREAS OF FURTHER RESEARCH.
The development o f the delta w ing-turbine system  was taken as far as it 
w as possible at the time. However, a great deal o f  research  work still remains to be done. 
T he areas o f  further research are highlighted here:
8.3.1. Prototype construction and testing. T he prototype test aim s 
are: V erification o f the turbine model and estim ation  o f pow er losses and turbine 
vibrations when the delta wing is at yaw. T he form er m ay also indicate possible 
im provem ents to the turbine design procedure w ith  regard to  the above mentioned 
lim itations o f  its accuracy, as well as im provem ents o f  the prototype structure. The latter 
will determ ine the feasibility o f the proposed pow er regulation technique and will 
provide data fo r modelling the system's operation under yaw. T he prototype construction 
an d  testing will also provide a basis for estim ating the cost o f  a com m ercially built unit, 
and  will indicate possible ways o f reducing cost, such as use o f  cheaper materials for the 
delta wing construction o r reduction o f som e com ponents’ m aterial if  they prove to be 
over-designed.
8.3.2. Development of power regulation mechanism. This 
includes use o f  the prototype test data in order to model the system ’s operation under 
yaw , or, i f  the proposed power regulation technique proves to  be unsuccessful, 
developm ent o f  a different one.
8.3.3. Implementation of a more suitable generator. This 
includes repetition o f the generator tests and re-m odelling o f  the prototype long term 
operation, possibly using a more complicated load than the purely resistive one used.
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such as battery charging.
8.3.4. Alternative delta wing configurations. This includes 
investigation o f the flow produced by a half-delta (to be used  with one turbine) in order 
to reduce the system size and developm ent o f  a more cost-effective, lightw eight delta 
wing for the system prototype.
8.3.5. Assessment of the system's potential for wind farms.
Usually, in wind farm applications w here conventional turbines are used, some turbines 
operate w ithin the wake o f others, depending on the wind direction. This effect reduces 
the power output of the wind farm, w hich is less than the sum  o f  the power that w ould be 
produced if  each turbine was operating alone. As can be seen in figure 8.1, it is expected 
that in a wind farm, there exists a critical vertical distance o f the delta wing-turbine 
systems above the ground, that allows the vortex wake o f the system situated upstream  to 
pass beneath the delta wing o f the system  placed dow nstream . Thus, fresh fluid will 
attack the downstream system reducing (o r even dim inishing) the wake power losses. For 
investigating that, wind tunnel tests with delta  wing m odels w ill be necessary.
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Figure 8.1. Possible advantage o f  the delta wing-turbine system when used in wind farm 
applications.
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CHAPTER 9. DESCRIPTION OF THE COUNTER-ROTATING 
TURBINE AND PRINCIPLES OF ITS DESIGN.
9.0 INTRODUCTION.
In this chapter, the characteristics o f  the counter-rotating turbine are 
presented, the tw o major areas o f  research pertaining to  the turbine (ie wind turbine 
wakes and counter-rotating rotor aerodynam ics) are review ed and the design principles 
o f  the system  ro tors (deduced from the above m entioned review ) are analysed.
9.1. DESCRIPTION OF THE COUNTER-ROTATING TURBINE.
The counter-rotating turbine consists o f  tw o co-axial rotors ro tating  in 
opposite d irec tions. During operation, the front turbine ro tor is situated upstream o f  the 
rear one. T he tw o rotors do not operate independently o f  each-other, but are connected to 
the sam e g enera to r which is a specially  designed one. Its "stator" is not stationary as in 
conventional generators, but is m ovable and is connected to one o f  the turbine rotors. 
H ence, the "stator" and the "rotor" o f  the generator are connected each to one o f  the 
turbine ro tors respectively. This unusual configuration w as chosen in order to  obtain  
direct conversion  o f the rotors' m echanical power to electricity, avoiding gearboxes 
necessary in conventional turbines. A s the two rotors operate with rotational speeds o>! 
and o>2, the re la tive rotational speed o f  the generator ro tor "sensed" by its stator is  0)j + 
0)2. T his increase  in the effective generator rotational speed m akes direct connection o f 
the rotors to  th e  generator possible.
T he counter-rotating turbine rotors have som e unique features: F irstly , the
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tw o rotors being connected to the same generator m ust create equal and opposite torque, 
i f  the turbine is to  operate at constant rotational speed. The torque reaction o f  the 
generator is the sam e in magnitude for both the front and the rear rotor, and therefore, if 
one o f  the rotors develops more torque then the other, it will force the lower torque rotor 
to accelerate, until the equal torque condition is met. Hence, when the two ro to rs are 
designed, equal torque solutions m ust be sought.
Another feature o f  the counter-rotating turbine is that its tw o rotors 
interact with each o ther. The rear ro tor is operating within the w ake o f  the front o n e  and 
it is thus affected by the front rotor. A lso, for practical reasons, the two rotors ca n n o t be 
apart at an axial distance that w ould make the rear rotor blockage negligible and thus the 
rear rotor aerodynam ic interference to the front one must also be taken into account 
during the design o f  the rotor blades.
Counter-rotating w ind turbines have already been com m ercially produced. 
Such a turbine, called 'Trim ble M ill", has sold several units in the U.K. mostly used  for 
space and w ater heating. (See reference [78]). B oth Trimble Mill rotors have a d iam eter 
o f 6 m. T he front one has 3 blades while the rear one is 5-bladed. The axial distance 
between the front and  rear rotor is about 0.2 R, w here R is the radius o f the rotors. Each 
ro tor operates at 75 rpm  for a w indspeed o f 10 m /s. This corresponds to a tip speed  ratio 
o f  2.36 for each rotor. The rotor blades have been experim entally designed using simple 
blade elem ent aerodynamics as a guide. The best blade twist distribution and p itch  angle 
settings w ere decided by trial and error. T he T rim ble Mill generator is a specially 
developed, permanent magnet, synchronous, sing le phase m achine with 42 poles. An 
appropriate load fo r the generator was designed by De Paor. (See reference [61]). The 
Trim ble M ill can deliver about 5 kW  o f  electrical pow er at a windspeed of 10 m /s. The 
overall efficiency o f  the turbine is  Cp = 0.29. A ssum ing a generator efficiency o f  0 .8 , the
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T rim ble M ill aerodynam ic efficiency becom es: Cpiierodyilllinic =  0.36. All the above 
figures concerning the Trim ble M ill are derived from m anufacturer's data.
The Trim ble M ill manufacturer has recently decided  to  improve the 
o rig inal turbine by redesigning the rotors as well as the generator load and the University 
o f  W arw ick is involved in th is effort. The work presented in this p an  o f  the thesis deals 
w ith  the counter-rotating turbine aerodynam ics and is an attem pt to improve its 
perform ance by proper design o f  its rotors.
9.2. REVIEW OF RELEVANT LITERATURE.
In order to facilitate decisions on the two rotors interaction schemes to be 
used, a bibliography search was carried out in the two areas which seem  to be the most 
relevant for the turbine design. These are the wind turbine wakes and their modelling, 
and  the design o f  counter-rotating rotors for o ther applications, such as propellers and 
helicopters. The findings o f  this search and their implications to the counter-rotating 
turb ine m odelling are presented in the following section.
9.2.1. The nature and modelling of wind turbine wakes.
a) W ind turbine wakes according to momentum and lifting line theories. 
M odelling o f  wind turbine w akes is very crucial in designing and predicting the 
perform ance o f  wind turbines. W hen m omentum theory is used for these purposes, the 
flow  through a wind turbine is modelled using the flow tubes m ethod explained in 
chap ter 2. (See also references [8], [9], [10], and [11]). The flow  tube model assumes 
that no m utual interaction takes place between the fluid contained in its elemental tubes.
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O nly the interaction o f  the fluid with the part o f  the turbine blades that is enclosed in 
each tube is taken into account. According to this model, far upstream  o f  the turbine the 
fluid static pressure is equal to the atmospheric pressure (pam,). Ju st upstream o f the 
turbine the pressure rises, due to the turbine blockage. Just dow nstream  o f  it the pressure 
drops, since pow er is  removed from the fluid by the turbine. T h is pressure drop is 
dictated by B ernoulli's equation: Since power is removed from the fluid, the total 
pressure just dow nstream  o f the turbine must be less than that ju s t upstream o f the 
turbine. However, the dynamic pressure cannot undergo abrupt changes, since the wind 
velocity should not exhibit discontinuities, and hence, the static pressure is reduced. At 
infinite distance downstream  o f  the turbine, the wake is assum ed to have settled and the 
static pressure through it is again equal to pattn. Thus, again, due to  Bernoulli's equation, 
the w ind velocity w ithin the wake is decreasing with increasing distance from the 
turbine, as an effect o f  the pressure recovery that takes place. T he reduction o f the wind 
velocity within the wake brings about the wake expansion since the fluid mass must be 
conserved. Another feature o f the wake, according to m omentum theory, is the wake 
rotation. This is an  effect o f the interaction o f  the fluid with the turbine blades as 
explained in chapter 2.
For lifting line theory, the turbine wake consists o f  vortex  sheets immersed 
in the flow. The velocities induced by these vortex sheets describe the turbine 
interaction. The axial com ponent o f  the induced velocity causes the flow  within the wake 
to  decelerate. The radial induced velocity com ponent causes the w ake expansion, while 
the tangential induced velocity is responsible for the wake rotation.
Both momentum and lifting line theories describe som e o f the most 
im portant wake characteristics. However, they fail to include the equally important 
effects o f  turbulent m ixing o f  flows within the wake as well as the interaction o f  the
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wake with the surrounding flow , the former by assum ing that the flow tubes are 
independent o f  each other, and the latter by being based on potential flow theory which 
doesn't ca ter fo r viscous effects o r  the effects o f  turbulence.
b) Experimental observations o f  wind turbine w akes and far wake m odels. 
References [79] to [89] (am ong others) contain descriptions o f  wind turbine wakes 
derived from experimental m easurem ents and observations o f  the wakes created by 
turbines during field operation o r  in wind tunnel tests. T he m ost im portant conclusion 
from these studies is that a wind turbine wake can be div ided  into tw o parts, the near 
wake which lies from 0  to 3 ro to r diam eters downstream o f  the turbine, and the far wake 
extending beyond 3 diameters downstream o f the turbine. T his division o f  wind turbine 
wakes into near and far fields is due to the fact that th e ir characteristics differ 
significantly. T he near wake decay is governed by the turbulence caused by the turbine. 
The far w ake decay on the o ther hand is governed by am bient turbulence. Also, the 
behaviour o f  the centreline wind velocity within the near and fa r wakes is different. From 
0  to approxim ately 3 diameters downstream o f the turbine, it is decreasing, due to the 
pressure recovery effect. Also, the azimuthal velocity differences which occur in the near 
wake are evened  out due to turbulent mixing as the distance from  the turbine increases. 
The near w ake has a considerable com ponent o f  tangential velocity, causing wake 
rotation, w hich dies out with increasing distance from the turbine. W ithin the far wake, 
the azimuthal variations o f wind velocity have settled, the w ake rotation is negligible, 
and the axial com ponent has a universal profile which can be satisfactorily modelled by 
a Gaussian distribution. The w ake centreline velocity increases with increasing distance 
from the turbine, as high m omentum flow outside the far w ake is mixed with the lower 
momentum flow  within the w ake, causing its boundaries to expand. The far wake finally 
decays w ithin 7 to 15 diam eters downstream o f the turbine, depending on the ambient
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turbulence levels. The larger these are, the quicker the wake decays.
Far wakes have received far more attention by researchers than near ones 
(references [79] to [87] deal with far wakes), as inform ation about their characteristics 
and correct modelling o f their decay was found to be essential in  estim ating wind turbine 
interactions in wind farms, where the distances between turbines are more than 3 
diam eters. Several m odels o f  the far wake decay have been developed, (see references 
[79], [81] and  [85]), o f varying complexity. In all these m odels, two parameters are used 
as input for describing fa r wakes. These are the turbine thrust coefficient, which gives an 
estim ate o f the fluid m omentum loss, and the am bient lateral turbulence intensity 
affecting the wake interaction with the surrounding fluid. T hese models are considered to  
be incom plete as they do not treat the near wake. Furtherm ore, they fail to include o ther 
parameters that influence wake behaviour, such as wind turb ine characteristics ie blade 
num ber and geometry. An attempt has been made recently, described  in references [90] 
and [91], to develop a unified approach to wake analysis that w ould fill the existing gap 
in knowledge especially about the near wake and its dependence on turbine 
characteristics.
c) N ear wake characteristics. The far wake is o f  little interest from the 
counter-rotating turbine design point o f  view, as the axial d istance between its tw o ro tors 
is not expected to  be more than one diam eter for construction feasibility reasons. H ence, 
the rear ro tor o f  the turbine will operate within the front rotor's near wake. Unfortunately, 
very little attention has been given to the near wake. This w as caused by the lack o f  
interest from researchers, since there wasn't any particu lar application requiring 
knowledge o f its characteristics. Therefore, only a few  experim ental studies o f  near 
wakes are available. (See references [88] and [89]). In reference [88], flow  
m easurem ents in the im mediate vicinity o f a wind turbine (0 .012 D downstream o f  it) are
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presented. They were carried out for validating th e  predictions o f  a  turbine perform ance 
analysis method, and are rather limited in scope. A  far more com prehensive investigation 
into the flow characteristics in the near vicinity o f  a  wind turbine is presented in [89]. In 
that reference, account is given o f wind tunnel tests carried out for estim ating the wind 
velocity distribution upstream and downstream o f  a three-bladed turbine, operating at 
tw o different tip speed ratios, namely 6 and 4. F o r each set o f m easurem ents, hot wire 
probes were placed at various radial positions starting  from the turbine hub  (0.1S R) and 
up to 1.1 times the turbine radius (1.1 R). M easurem ents were carried out at different 
axial stations, both upstream and downstream o f  the rotor disc. Since the flow  was time- 
dependent, 40,000 velocity readings were taken  a t each m easuring point for a large 
num ber o f turbine revolutions. These readings w ere then statistically m anipulated for 
estim ating the average velocity and turbulence intensity distributions. T he axial flow 
com ponent was measured, as well as the rad ia l, the tangential being neglected. The 
results from these tests are shown in figures 9.1 to  9.4.
In figure 9.1, the axial velocity d efic it distribution (defined as 1- u(r)/V „) 
is shown, for axial positions upstream o f the ro to r disc and with the turbine operating at 
X = 6. It can be seen from figure 9.1, that the flow  upstream o f the turbine decelerates 
due to the blockage caused by the turbine. The deceleration is more pronounced close to 
the turbine hub, while it dim inishes at the tu rb ine tips. Also, m oving closer to the 
turbine, the flow velocity reduction increases slightly . (Compare plots corresponding to 
different distances upstream o f the turbine, ie -D /4 , -D /8 and -D/12).
Figure 9.2 depicts the axial velocity  deficit distribution dow nstream  o f  the 
ro tor disc, with the turbine operating at X = 6. It can  be seen that for all axial distances, 
the velocity deficit has similar shape: It is m ore  pronounced at m id-span, while it 
decreases at the tip and hub regions. Also, an  increase o f the velocity deficit with
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increasing axial distance from  the ro tor d isc (for any radial position) can be observed. 
This increase is roughly uniform  w ith respect to radial positions. F o r example, the ratio 
o f velocity deficit between axial distances D/2 and D/60 is  on average 1.45 (±5% ) for 
different radial positions. The ±5%  erro r is within the experim ental error band. The same 
applies for the case o f A. = 4. In that case, the average ratio o f velocity  deficit between D/ 
2 and D/60 is 1.44 (± 1 %). Therefore it  ca n  be concluded that the ax ia l velocity decreases 
in a uniform way with increasing distance from the turbine, w ith  the velocity profile 
retaining its initial distribution. Deduced from  the plots o f  figure 9 .2 , the axial velocity at 
the radial position 0.5 R is plotted versus axial distance in figure 9 .3 . It is evident that a 
great drop o f u(0.5R) occurs betw een D /20  and D/10. This was attributed by the authors 
o f  [89] to the pressure recovery taking place in the im mediate vicinity o f the rotor. 
Downstream o f  D/10, the velocity decreases in an almost lin ea r way. The wake 
expansion can also be calculated using figure 9.2, comparing the radial distances for 
which the velocity deficit is nearly zero. It was found to  be only 5%  between D /60 and 
D/2.
Figure 9.4 shows the turbulence intensity radial distribution for various 
axial distances upstream  and dow nstream  o f  the rotor disc, with th e  turbine operating at 
A. =  6. (The turbulence intensity at a radial distance r is  defined as: (< u(r)2>)1^2. In figure 
9.4 it is  made dim ensionless by division w ith  V«). Upstream o f  th e  rotor, the turbulence 
levels remain low  for all radial stations, and  even at axial distances very  close to the rotor 
disc (ie -D/12). Downstream o f the turbine, larger turbulence lev e ls  are observed with 
two peaks appearing at the tip and hub  regions. A large decrease o f the turbulence 
intensity takes place between D/60 and D/10, revealing the thorough mixing o f wind 
velocities that occurs in that region. F o r axial distances above D /10, the azimuthal 
variations o f  the flow as it leaves the turb ine (which must be considerable judging by the
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turbulence levels at D /60) are evened-out, and a nearly-steady flow  results, as can be 
seen from figure 9.4, since the turbulence intensity rem ains at low levels, similar to those 
upstream  o f  the turbine. H ow ever, at the tip and hub regions, turbulence is more 
persistent and peaks o f  the turbulence intensity appear there. This is an effect o f  the 
trailing vortices that appear at the tip and hub regions. S im ilar trends as those observed 
in figures 9.1 to 9.4  w ere also observed for the turbine operating at X = 4, w ith only 
trivial changes in the values o f  the quantities involved.
From this investigation, useful conclusions can be drawn about the flow in 
which the counter-rotating turbine rotors will operate, assum ing that the flow described 
above is  a typical one fo r a wind turbine.
1. Front ro tor. F rom  the reduction in axial velocity upstream o f  the 
turbine tested in [89], it can be concluded that the front ro tor is likely to 
experience a reduction in the incoming flow that attacks it, due to the 
blockage caused by the rear rotor. Since the levels o f  turbulence upstream of 
the turbine o f  [89] are low (below  2.5%), the front ro to r can be designed as if 
it is operating in a steady flow.
2. Rear ro tor. T he rear rotor must be p laced  at an axial distance of 
at least D/10 dow nstream  o f  the front one. This is  necessary in order to 
reduce the turbulence levels o f  the incoming flow  accord ing  to the findings o f 
[89]. Since the turbulence levels at such distances are low  (apart from the tip 
and hub regions) the flow  that attacks the rear ro to r can be assum ed to be 
steady. This simplifies considerably the rear ro tor design. Also, the rear rotor 
incom ing flow characteristics are as follows: T he axial velocity component 
exhibits significant radial variations that depend on the front ro tor operating 
conditions. It appears to decrease linearly with increasing distance from the
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front rotor (for distances larger than D/10). It also appears to  retain the initial 
shape it has just dow nstream  o f the front ro to r at all axial distances, wiihout 
significant deform ations. Finally the wake expansion was found to be about 
5 %  at a distance equal to D/2 dow nstream  o f  the front rotor.
9.2.2. Research in counter-rotating rotor aerodynamics.
The problem  o f counter-rotating w ind turbine rotors has not been given 
m uch attention in the past and only one reference was found dealing with it. It is 
reference [92] in which the interaction o f two rotors, one operating within the w ake o f 
the other, was investigated theoretically. H ow ever, the m odelling o f  this interaction is 
not considered to be sufficiently detailed. M om entum  theory was used for the prediction 
o f  the tw o rotors' perform ances, thus neglecting the front rotor wake rotation. Also, the 
incom ing flow to the rear ro tor was taken to be equal to that just downstream  o f the front 
one. H ence, the effect o f  changing the axial distance between rotors was not taken into 
account, and the rear ro to r was assum ed to  be ju st downstream  o f  the front one. 
Furtherm ore, the rear ro to r blockage to the front one was not taken into account, and the 
front rotor was assum ed to  operate as if the rear one was not present. It is therefore clear 
that the above m entioned model is not sufficiently detailed to be used for the design of 
the counter-rotating turbine rotors.
However, unlike wind turbine rotors, counter-rotating propellers and 
helicopter rotors have received considerable attention from researchers. Although the 
above two are similar, (they are devices that create thrust by accelerating air m asses), 
there is a distinct difference between them w hich is reflected in their modelling. For 
propellers, the vorticity created  by the blades is rem oved far away from them, following
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the fast m oving a ir masses downstream o f  the propeller disc. This characteristic m akes 
the fine details o f  the wake not very im portant, and as will be seen later, propellers can 
be modelled adequately using potential flow  theory. For helicopters in hover, the 
situation is d ifferent. Far upstream o f the ro tor, the fluid is at rest. The fluid velocity 
through the ro to r disc is equal to the dow nw ash created by the rotor blades. The speed o f  
the rotor tip is m uch  larger than that o f the flow , and thus the vortex filam ents shed from  
the rotor blades stay in the rotor vicinity fo r a considerable num ber o f  revolutions. 
Hence, the effec t o f  the trailing vorticity on the rotor blades becom es significant. 
(Considering Biot-Savart law). For the case o f  helicopter blades, knowledge o f the exact 
shape o f the trailing  vortices and their deform ation with time is necessary for adequate 
modelling.
B elow , models o f  counter-rotating rotors are presented. For them to  be 
applicable to the counter-rotating turbine design, tw o requirements m ust be met: T he 
first is that they m ust be reasonably accurate approximations. The second is that they 
must have the axial distance between the tw o rotors as a parameter.
a) Counter-rotating propellers. A brief account o f  developm ents in 
propeller theory was given in chapter 2. T he foundations o f this theory w ere laid by Betz, 
Prandtl, G oldstein and Theodorsen. Propeller theory was then extended to  treat counter­
rotating propellers (often referred to as "dual propellers"). All design and analysis 
methods rely on the following assumptions:
1. The interference velocities from one ro to r to another, (at any blade element) 
may be calculated by considering the velocity fields o f each ro tor and 
adding the results.
2. The interference o f one rotor is added  to  the undisturbed flow o f  the other, 
before the self-interference o f each ro to r is calculated.
Chapur 9 Fig* 230
3. T he tw o ro to rs are close enough, so that the axial distance between them  
can be taken  as zero when the mutual interference o f  the rotors is 
calculated. B oth rotors are therefore assum ed to lie in the sam e plane.
4. Finally, the blades o f both ro to rs are assum ed to have identical chord 
distributions with different tw ist angle distributions only, and to operate at 
equal and opposite rotational speeds. T hese assum ptions facilitate the 
propeller optim isation. T he optim isation formulas for each rotor are then 
reduced to  one , allowing fo r a clear optimisation criterion to be achieved.
L ock in [93] devised a technique for designing counter-rotating propellers, 
based on m om entum -blade elem ent theory. The interference between rotors was 
estim ated as follow s: Each rotor was assum ed to produce the sam e self-interference field 
as that o f  a single propeller. At each blade element o f  one rotor, the flow induced by the 
o ther was taken to  be the average induced  flow on a ring with the blade elem ent radius. 
Thus, the interference velocities are dependent on radius. His model is considered to  be 
an accurate one. How ever, there are problem s with its application: In some cases, infinite 
blade chord values are produced. T his is caused by the use o f  tip loss corrections devised 
for single propellers, which implies tha t the optimum loading o f  a single p ropeller is 
identical with that o f  a counter-rotating one. Obviously, this assum ption is not correct, 
and this shortcom ing o f Lock's theory w as rectified later.
C rig ler, in [94], used Theodorsen's experimental data for the optimum  
propeller circulation and wake characteristics (derived from an electrical equivalen t), for 
designing counter-rotating propellers. He related the velocity induced by each ro to r to 
the w ake characteristics. However, he used the average interference velocity on the 
entire disc (ie averaging on both radius and  azim uth), and thus his interference velocities 
are the sam e for all blade elements. D ue to  this characteristic, his model is not considered
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to be accurate.
Davidson, [95], rectified the problem o f Lock's theory. He also used 
Theodorsen's experim ental data for developing a corrected tip loss factor, applicable to 
counter-rotating propellers only. W ith that correction, design o f  realistic propeller blades 
was possible.
Playle, in [96], used Davidson's method and developed an iterative code 
fo r designing optim um  counter-rotating propellers. He also developed a code fo r the 
perform ance prediction o f  counter-rotating propellers at off-design conditions. (See also 
Korkan, [97]). It is however questionable w hether Theodorsen's experim ental data, 
which are valid  fo r optimum propellers, are also applicable to off-design conditions.
T he m odels presented above are not readily applicable to the design o f  the 
counter-rotating turbine, because they ignore the axial distance between rotors, w hich is 
very im portant in our case as was shown by the experim ental investigation o f  [89]. 
However, som e o f the assumptions used for desiging dual propellers are applicable. 
These are assum ptions 1 and 2, concerning the interference velocities induced by one 
ro tor on the o ther, as use o f potential flow theory permits the linear superposition o f 
velocities. A lso , Lock's averaging out o f  the azimuthal variations o f the interference 
velocities can be applied to the counter-rotating turbine design, as the flow within which 
each turbine ro to r operates can be considered as steady.
b) Counter-rotating helicopter rotors. Unlike propellers, for the analysis 
o f helicopter rotors, there doesn't exist general agreement on the method to be used. 
H ence, a large num ber o f different procedures exist, with varying degree o f accuracy. 
The m ost im portant design and analysis m odels for counter-rotating helicopter rotors are 
presented in the following.
Harrington, [98], developed a relatively simple model; the two rotors are
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represented by a single one, w ith the same radius and solidity. A lthough this model is 
useful a s  a  first approximation to  the problem, blade loadings and torque are not 
realistically  predicted.
Paglino, [99], developed a procedure based on m om entum  theory. The 
upper ro to r (ie the rotor situated upstream ) was assumed to operate like an isolated one. 
The induced  velocity o f the low er ro to r however, was assumed to increase by the average 
dow nw ash from  the upper rotor. In  th is case too, blade loading is  inaccurate, and torque 
is overpredicted.
Cheeseman follow ed a  different approach: In [100], he assumed that the 
counter-rotating rotor lift is divided into two parts, translational and propeller lift. For 
predicting th e  former, a lifting line m odel was used, substituting each blade by a  lifting 
line shedding  straight horseshoe vortices (instead o f helical shaped ones). The propeller 
lift was pred ic ted  using a flow tube m odel (ie momentum theory). T his model is not very 
accurate either, due to unrealistic assum ptions about the flow.
A more rigorous approach was suggested by Andrew  in [101]. Momentum 
theory w a s used, with a tip loss correction derived from lifting line theory. The usual 
formula fo r  each rotor's dow nw ash is  used, as derived from  m om entum  theory. However, 
in that form ula , instead o f the conventional tip loss correction, a  new  one is introduced: 
The vertica l ascent velocity o f the helicopter, which is  zero fo r hover, is  substituted by 
the velocity  induced on each ro tor by the trailing tip vortices shed by both rotors. The 
trailing vorticity  paths are prescribed using empirical form ulae, derived from 
experim ents in  helicopter wake flow  visalisation. Also, the tip vortices are considered as 
viscous ones , with a core o f finite rad ius estimated using experim ental data. T he induced 
velocities outside the viscous co res  are given by Biot-Savart law . The axial distance 
between ro tors is also taken into account. Good agreem ent w ith experim ental data was
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obtained, but the model relays heavily  on em pirical know ledge o f the trailing vortex 
system.
Davis, in [102], adopted  an appropriate sing le rotor model to counter­
rotating rotors. The upper ro tor w as assumed to  be independent o f the lower. The 
dow nw ash o f  the upper rotor was added to the aerodynam ic velocities o f the low er one. 
T he low er rotor thrust was factored by an em pirical interaction coefficient derived by 
com parison o f single and counter-rotating rotors' perform ances. Fairly good agreement 
with experim ental results was obtained , although the flow w as not modelled adequately.
A com pletely d ifferen t method for the analysis o f  both fixed wings and 
helicopter blades was proposed by Azuma in [103]. T his method, called "local 
m om entum  theory", is as follows: Each rotor blade is analysed  as a series o f  wings with 
varying span and elliptical circulation distribution. T he induced  velocity created by each 
wing is constant (due to this particu lar circulation distribution). The contribution o f each 
w ing to  the total lift and induced velocity can be determ ined  by considering the 
instantaneous balance between the flu id  momentum and th e  blade elemental lift at each 
local station on the ro tor disc. T he theory can therefore estim ate timewise variations o f 
airloads an d  velocities along the blade span. This theory w as used by Saito, [104], for the 
analysis o f  counter-rotating helicopter rotors. The tw o ro to r wakes are described by a 
previously developed model, using flow visualisation data  for the positions o f  the 
vortices and  the wake contraction. T he lower rotor w ake has been considered as that o f  a 
single ro to r in vertical clim b at the speed of the upper ro to r mean induced velocity. The 
upper ro to r is not assum ed to be independent o f the low er one. T he interference velocity 
on its d isc  is taken to be the mean induced velocity o f  the low er rotor. This method can 
also  produce reasonable results, but it relays on experim ental data about the wake 
characteristics.
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T he last reference to be presented is that by Nagashima, [105]. In this 
paper, a m ethod for analysing counter-rotating helicopter rotors based on generalised 
m omentum theory is presented. Each ro tor is approxim ated by an actuator disc. 
However, wake rotation and the associated losses are included. The low er rotor wake is 
divided into tw o parts. T he "inner" which is essentially a continuation o f  the contracted 
upper rotor wake and the "outer", through w hich the low er ro tor draws in fresh fluid. The 
general equations for thrust, power, efficiency etc , are laid out. They are solved for a 
special case, ie when both rotors create uniform dow nw ash through them. The 
interaction between rotors is given through "influence coefficients". Each rotor's 
downwash is factored by an  appropriate coefficient and is added to the other's incoming 
flow . These coefficients are functions o f the axial distance between rotors and the rotor 
thrust (or downwash). T hey  can be derived analytically from actuator disc theory. 
Comparison with experim ental data reveals good agreem ent with the theory, justifying 
the proposed wake model and interaction scheme.
O f  the m odels presented above, those o f references [98], [99] and [100] 
are oversimplifying and do  not produce accurate enough results. T he models of 
references [101], [102] and [104] rely heavily on wake m easurem ents which are not 
available for wind turbines. However, the m odel presented in [105] seems suitable, 
especially the part concerning the interaction between upper and low er rotors. It satisfies 
bo th  requirements set in the beginning o f this review , ie it is accurate enough, since it is 
supported by experimental data, and the axial distance between rotors is taken into 
account. An appropriate adaptation o f this interaction scheme is necessary for 
incorporating it in the counter-rotating turbine design.
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9.3. CONCLUSIONS.
The m ain conclusions o f this investigation and their implications to the 
counter-rotating turbine design are sum marised here:
1. According to the findings o f the experim ental investigation o f  [89], the flow 
around a three-bladed wind turbine is as follows: Upstream o f  the turbine, a 
reduction in the incom ing flow is observed, caused by the turbine blockage.
The velocity decreases with decreasing axial distance from the turbine. For 
the same axial distance, the velocity drop is more pronounced at the hub 
region, while it becomes nearly zero at the blade tips. For axial distances as 
low as D /12, the turbulence levels were found to be less than 2.5%. 
Downstream o f  the turbine, and w ithin its near wake, the axial velocity 
com ponent exhib its a large drop in the immediate vicinity o f  the turbine (ie 
from D/60 to D /10 downstream ). For axial distances larger than D/10, the 
axial velocity decreases less rapidly, and in a linear fashion. This trend 
appears to  be independent o f  radius, as the initial velocity profile at the 
immediate v icinity  o f the turbine seem s to be retained further downstream.
The turbulence levels (at midspan) are quite high just downstream o f  the 
turbine (ie at D/60). However, they drop dramatically from about 12% to 
5% between D /60 and D/10, revealing the thorough m ixing o f  the flow that 
takes place in that region. Further dow nstream , the turbulence dies out and 
gets values sim ilar to  those upstream  o f  the turbine. Tw o peaks o f 
turbulence w ere observed at the tip and hub regions, associated with the tip 
vortices. F inally, the wake expansion was found to be equal to about 5% 
between D /60 and D/2.
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2. M odels fo r the interaction o f tw o counter-rotating rotors have been 
developed in the past. O f these m odels, the ones concerning propellers 
assum e that the axial distance between rotors is zero, and therefore they 
cannot be used for the counter-rotating turbine design. M ost o f the models 
developed fo r the analysis o f  counter-rotating helicopter rotors have the 
axial distance between rotors as a param eter, but are strongly dependent on 
experim ental information about the wake characteristics. Empirical 
know ledge o f  the wake decay is im portant, as the m ethods used for its 
prediction are based on potential flow  theory and do  not include viscous 
effects o r the effects o f  turbulence. In all m odels presented (both for 
propellers and helicopter rotors), the interaction one rotor causes to the 
other is added to the latter's incoming flow.
3. The im plications o f  the above findings to the design o f the counter-rotating 
turbine ro to rs are:
F ront ro to r. The front rotor is expected to experience a reduction o f the 
incom ing flow  velocity caused by the rear rotor blockage. However, the 
flow attacking  the front ro tor can be regarded as steady. For predicting the 
rear to  front rotor interference, a m ethod sim ilar to that presented in [105] 
can be used, derived from actuator disc theory.
R ear rotor. The rear ro tor must be placed at an axial distance o f  at least 
D/10 dow nstream  o f  the front one, for reducing flow  turbulence to 
acceptable levels. For m odelling the incom ing flow to the rear rotor, (which 
is the flow  within the front rotor near w ake), the initial velocity distribution 
just dow nstream  o f the rotor must be m odified in order to take account o f 
the w ake decay. As in the case o f helicopters, the experimental data o f [89]
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Figure 9.1. Axial velocity deficit upstream o f  the rotor disc, X =  6 . (taken from [89]).
Figure 9.2. Axial velocity deficit downstream o f  the rotor disc, X =  6. (Taken from [89]).
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Figure 9.4. Turbulence intensity upstream  (-D/12) an d  downstream o f  the ro tor disc, 
X=6. (Taken from [89]).
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CHAPTER 10
DESIGN OF THE COUNTER­
ROTATING TURBINE BLADES.
CHAPTER 10. DESIGN OF THE COUNTER-ROTATING
TURBINE BLADES.
10.0. INTRODUCTION.
In  this chapter, the m ethods for estim ating the interference that the 
counter-rotating turbine rotors cause to  each  other are presented. These m ethods were 
incorporated into a procedure for designing  the counter-rotating turbine blades. The 
design results are also presented and discussed.
10.1. INTERFERENCE ESTIMATION.
Using the findings o f  the literature search presented in chapter 9 , it  is 
possible to devise m ethods for estim ating the interference caused by one rotor to the 
other. This interference is added to the incom ing flow o f  the appropriate rotor before its 
self-interference is calculated.
10.1.1. Front to rear rotor interference.
T he counter-rotating turbine rear rotor operates w ithin the front rotor wake. 
F o r estim ating the front to rear rotor interference, information about the induced velocity 
field  o f  the front ro tor disc is necessary. T h e  blade design procedure presented in chapter 
2  can provide that inform ation. How ever, due to the mathem atical formulation o f that 
procedure, know ledge o f  the induced velocities is possible only on the rotor disc. T his is  
caused by the fact that the equations for the induced velocities are derived by adapting the
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velocity potential o f  a system o f  infinite vortex helices to  that o f a sem i-infinite one. (See 
chapter 2). The limit o f  this approach is that the induced velocities can only be calculated 
at certain points o f  the rotor d isc , as relations for the two vorticity system s can be 
obtained only at these points. A more versatile approach that permits (in principle) 
calculation o f the induced flow  a t any point o f the flow fleld is use o f Biot-Savart law for 
obtaining the induced velocity equations. However, even that m ethod will not produce 
accurate results, as viscous effec ts and the effects o f  turbulence which are important in 
the wake decay are not taken in to  account.
H ere, a  sem i-empirical approach was utilised: The induced velocities on 
the front rotor disc w ere ca lculated using the m ethod described in chapter 2, at the two 
azimuthal positions where this is possible, ie on the lifting lines and on the bisectors 
between them. For estim ating the flow on the bisectors, a method was developed 
described in chapter 2, section 2.2.3. As an exam ple o f the results produced by this 
approach, the axial and tangential induced velocities on the lifting lines and the bisectors 
between them are shown in figures 10.1 and 10.2 fo r a 3-bladed turbine, and in figures 
10.3 and 10.4 for a 10-bladed o ne , respectively. From figures 10.1 and 10.2 it can be seen 
that the induced velocity distribution on the lifting lines is different from that on the 
bisectors. On the lifting lines, close  to the tip, the values o f induced velocities increase 
due to the effect o f  the strong tip  vortex. However, on the bisectors the contributions of 
the tip vortices from neighbouring blades almost cancel each other out resulting in very 
low values o f  both the axial and  tangential induced velocity. The two curves in each of 
the above mentioned figures are close to each other at other radial positions, apart from 
the hub region where differences can be observed. This picture o f the flow is compatible 
with the findings o f  reference (89). As can be seen from figure 9.4, the turbulence 
intensity levels close to the ro to r disc (ie at D/60) exhibit two peaks at the tip and hub 
regions that can be associated w ith the large azim uthal differences in the flow. For the
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case o f a  10-bladed turbine, (see figures 10.3 and 10.4), the induced flow varies less 
between different azim uthal positions on the rotor disc. This is expected since the blades 
o f  the 10 bladed turbine are more closely packed.
T he induced  flow values on the lifting lines and the bisectors between 
them can be considered as  two extremes. Given the thorough m ixing o f  velocities that 
takes place dow nstream  o f  the rotor (as shown in [89]), an average value o f  the axial and 
tangential induced velocities o f the front rotor (uF, and  vFj respectively) was calculated as 
shown below:
< uf(x) >
< v f(x) >
+ l i b(x)
5 :
vF,(x) ♦  V ^X ) 
----------5----------
( 10. 1. 1)
w ith uFy , vFy  being the front rotor axial and tangential induced velocity values on the 
lifting lines (respectively), and uFi b, vF^b the values o f  the above m entioned quantities on 
the bisectors. The flow  velocities described by equations 10.1.1 are assum ed to be the 
initial induced velocities, im mediately downstream o f  the front rotor. In order further to 
refine the model, the w ake decay (ie the increase o f  the velocity deficit with increasing 
the axial distance z from the front rotor) was also taken into account, using the results o f 
[89] and assum ing that th e  initial induced velocity distribution shape does not change 
downstream o f  the front rotor. Hence, the front to  rear ro tor interference (U j2 and V 12 for 
axial and tangential velocities respectively) is given by:
( 10. 1.2)
U12(x , O  .  (0 .25 ; + 1 .1 9 ) <uf(x)>
V ,j(x) -  <vf(x)>
In  the above equation, £ is  the dimensionless axial distance between the tw o rotors (£ = 
z/R). The term (0.25 £ +  1.19) which describes the wake decay was derived from the
Chapur 10 Pag* 243
results o f [89] assum ing a linear drop o f the axial velocity with £ incresing, as seem s to 
be the case for £  betw een 0.2 and 1.0. (See figure 9.3). T he value o f  V 12 was taken to be 
independent o f the axial distance between rotors as no inform ation about its decay was 
given in [89]. H ow ever, the front ro tor o f  the counter-rotating turbine is a 3-bladed one 
and as will be seen  later, the tangential induced velocity com ponent in the wake is 
negligible com pared to the axial. Finally, the incoming flow  to the rear rotor becomes:
U2(x  , 0 = u(x) - U2,(x , 0 - U12(x , C)
(10.1.3)
Vj(x ) -  V12(x)
where u(x) is the ax ia l com ponent o f  the incom ing flow to the front ro tor and U2i (x,£) is 
the rear to front ro to r interference w hose derivation is decribed in the following.
10.1.2. Rear to front rotor interference.
T he m ethod chosen to be used for calculating the rear to front ro tor 
interference is based  on reference [105]. It uses actuator disc theory and Biot-Savart law. 
It has also been used  fo r predicting the flow around a turbine [106], and for estim ating the 
far wake contribution to the induced velocity field o f a turbine [16]. The adaptation o f 
this method to suit the counter-rotating turbine design is presented in this section. For 
assessing the rear ro to r blockage effect on the front one, the rear ro to r disc is assum ed to 
be "seen" by the fron t as an actuator disc. The disc has infinite blades o f infinitesimal 
chord and the axial com ponent o f  the induced velocity is constant on the rotor disc. T his 
assumption m akes the induced flow around the disc steady in time which is a  fa ir 
assumption for the regim e upstream o f  a turbine (as shown in [89]). M athematically, the 
flow around an ac tuato r disc can be m odelled using Biot-Savart law  and  substituting the 
trailing vorticity system  shed from the disc periphery by a vortex cylinder. (See figure
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10.5). T his vortex cylinder consists o f  an infinite num ber o f  vortex rings, each of 
infinitesimal strength. The axial induced velocity produced by such a system at a point P 
in space is given  by:
0
W here: A  = +  x2 - 2^ xcos<{>,
% is the dim ensionless radius o f  the vortex cylinder (=r/R), 
x is  the dimemsionless radial distance o f point P from the axis,
£ is the dim ensionless axial distance o f point P from the disc (=z/R),
<J) is the azimuthal angle
and T the circulation of the vortex cylinder.
(For a  derivation o f  the above, see [16]).
This vorticity  system also creates a radial component, (responsible for the wake 
expansion dow nstream  o f  the rotor disc) which is not o f interest from our point o f  view. 
No tangential com ponent exists, due to the vorticity system layout. As can be seen from 
equ. 10.1.4 :
" r f * - 0 - « - ®  -  m f j  do.i.5)
0
Hence, equ. 10.1.4 can be rewritten as :
U2,(x , 0  »  Ojjlx -  0  , C “  0) —j j jr "  (10.1.6)
where I(x ,Q  is the integral in equ. 10.1.4.
The values o f  l(x ,Q  are plotted versus x in figure 10.6 (for £=1, and various values o f  £). 
It is evident that with £ increasing, the value of I(x,£) and thus U21(x,Q  is decreasing. It 
can also be observed that U21(x,£=0) rem ains constant for x < l. (At x=l a discontinuity
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exists). T he fact that the induced velocity is constant on  the rotor disc characterises an 
actuator d isc and this is why this particular vorticity system  has been chosen for its 
description. Using the above fact, we can rewrite equation 10.1.6:
i y * . o  -  ( 10 . 1 .7)
The counter-rotating turbine rear rotor is no t an actuator disc, and  thus the 
induced velocity  distribution on it will vary both in azim uth and radius. In o rd er to use 
equation 10.1.7, U2i(C=0) can be approxim ated by < uR,> ie the average o f  the rear rotor 
axial induced  velocity uRj taken on radius and azimuth. T hus the rear rotor is ''seen" by 
the front o n e  as an actuator disc with uniform induced velocity  distribution on it, equal to 
<uRi> (the average of the r e a l  distribution). T herefore, the rear to front rotor 
interference velocity will be given by:
i y *  . o  =■ <  u* > d o . i .8 )
Also, the incom ing flow to the front ro tor is:
U, (x , C) = u(x) -U2,(x , 0
V, ( x , 0  *  0  (10.1.9)
In the above equation, u(x) is the undisturbed (by the ro tors) velocity. It was not taken to 
be equal to  V „  in order to include the hub effect in the m odel. u(x) is given by equadon 
3.1.4, w hich was derived experim entally, as explained in chapter 3.
The predictions o f equation 10.1.8 w ere com pared with experim ental 
results derived  from reference [89], In that reference, the flow  upstream, dow nstream  and 
on the ro to r d isc o f a 3-bIaded turbine was investigated. T he value o f  <uRj> in equadon 
10.1.8 was estim ated by averaging the induced velocity readings just dow nstream  o f the 
ro tor disc (ie the curve o f Figure 9.1 for D/60). I(x,£) w as calculated num erically using
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Sim pson's method. T he results are shown in figure 10.7. In that figure, the radial 
distribution o f U2i/V— for two axial distances upstream  o f  the rotor disc calculated using 
equation 10.1.8 is shown together with the corresponding experim ental points. The 
agreem ent between the tw o is quite good. A t the inboard part o f  the d isc  however, (ie 
from x=0.3 to x=0.4), the induced velocity is underpredicted in both cases. This can be 
attributed to the fact that the turbine centrebody causes an additional blockage which is 
not accounted for by equation 10.1.8. The best fit betw een experim ent and theory was 
observed  when the vortex cylinder radius was taken to be equal to 0 .83  o f  the turbine 
radius. This is probably an effect o f the vortex roll-up: A fter the vortex filam ents are shed 
from  the blades, they roll-up under mutual interference and tend to group around the most 
strong  filam ents, which occur close to the blade tips. The blade tip vortices are also 
deform ed and further dow nstream  o f the rotor disc, the boundaries o f  the vortex system 
are inboard o f the blade tips. Apparently, in ou r case, a better approxim ation o f  the 
physical system o f trailing vorticity is obtained i f  the boundaries o f the vortex cylinder 
are inboard o f the turbine blade tips so that the vortex roll-up is taken into account.
Hereafter, the rear rotor will be approxim ated by an actuator disc with 
radius equal to 0.83 o f  the rear rotor radius fo r calculating its interference on the front 
rotor using equation 10.1.8. T he induced velocity distribution on the re a r rotor blades 
needed fo r their design will be calculated by the more detailed lifting line procedure.
10.2. BLADE DESIGN PROCEDURE.
The procedure used for designing the counter-rotating turbine blades is 
presented  next.
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10.2.1. Description of the procedure.
The blades o f  both rotors have to  be designed simultaneously since each 
rotor's performance depends on that o f the other: The front rotor depends on the rear one 
through the blockage the latter causes upstream o f  it. The rear rotor operating within the 
wake o f the front one also  depends on it. In figure 10.8, a flow chart o f  the algorithm is 
shown. The first step o f  the procedure is the input o f the known parameters. These are: 
The number o f blades o f  each rotor (B] and B2), the rotors' tip speed ratios (X) and Xj). 
the blade chord distributions, the rotors' radii, the aerofoil data for each rotor and the axial 
distance between rotors. The method used for designing each rotor's blades is that 
presented in chapter 2, and is the same for both rotors. Only the ro tor particulars (ie 
num ber of blades, tip speed ratio, etc) vary as well as the incoming flow  for each rotor. 
For the front one, the blockage caused by the rear alters the incom ing wind velocity, 
which becomes non-uniform  but axisymmetric. It is also purely axial. The rear rotor 
incoming velocity is that o f  the front rotor wake at the axial station w here the rear rotor is 
situated. It is axisym m etric, with two com ponents, axial and tangential, both varying 
radially.
As can be seen in figure 10.8, the design procedure consists o f two 
iterations (ie the blade design algorithms for each rotor) nested w ithin an outer iteration. 
D uring the first step o f  the outer iteration, the front rotor is designed assuming that the 
rear rotor interference is zero. After the first rotor is designed, the front to rear rotor 
interference is calculated and the rear rotor design proceeds. Once that is completed, the 
new  rear to front ro tor interference is calculated (ie the induced velocity distribution 
upstream of the rear rotor) and is compared with the old one (which was taken to be zero 
fo r the first step). If the new and old interference values differ m ore than a prescribed 
am ount the rear to front rotor interference is updated and the outer iteration is repeated
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until convergence is achieved. The desired  output from this design  procedure is the twist 
angle distributions along  each rotor's blades and estim ates o f  the power and torque 
coefficients (Cp and Cq respectively) o f  the two rotors. Cp is  given by equation 3.1.3, 
while Cq is:
Cq = Cp/A.. (10.2.1)
It is evident that for a design  point (ie a pair o f  X.) and X^) to be acceptable, 
the torque developed by one rotor m ust be equal to that o f  the other. This condition 
however cannot be m et before hand. T hus, a  systematic search for the equal torque point 
must be carried out. T his is done as follows: The front ro to r tip speed ratio is held 
constant, while that o f  the rear one can vary. After sufficient values o f  the front and rear 
rotor torque coefficients (CqJ and Cq2 respectively) are obtained  using the design 
procedure, a root finding algorithm is used fo r predicting the equal torque point (ie X2 for 
which Cql=Cq2). T he design calculations are then repeated fo r that value of X^ and i f  the 
new Cqj and Cq2 differ, the input data o f  the root finding routine are updated and the 
procedure continues until C „ -C ,2 .  T he equal torque point is thus successively 
approximated.
10.2.2. Numerical techniques used.
A fortran program was developed in order to perform  the above mentioned 
calculations. Details about the num erical techniques used in that program are given 
below.
a) Blade design. The num erical techniques used fo r each rotor's blade 
design are similar to  those used for the conventional turbine design in chapter 3 and they 
won't be repeated here apart from one aspect. That is the fourier expansion o f the bound 
circulation (G). In the design of the delta w ing system turbine, the fourier expansion o f  G
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was truncated after the 31st coefficient. In our case how ever, 21 coefficients w ere used 
instead, as the time needed for the program  to run with 31 coefficients was prohibitive o f 
their use. W ith 21 coefficients, each ro tor design procedure took from 5 to 10 minutes. 
For the outer iteration to converge 3 to 10 repetitions w ere necessary. H ence the 
m inimum time fo r the whole program  to end was 30 m inutes (ie three outer iterations, 
taking 2x5 minutes each), while the m axim um  time was 3h, 20  min. The difference in Cp 
between 21 and 31 coefficients d id  not exceed 2 % .
b l — Front to rear ro tor interference. T he calculation o f  this type o f 
interference requires the estim ation o f  the induced flow on the bisectors between lifting 
lines. This calculation is perform ed after the iteration fo r the front rotor design has 
converged. The m ethod used is sim ilar to that for the estim ation o f  the induced velocities 
on the lifting lines presented in chapter 2, ie solution o f  the system  o f  equations 2.2.10 to 
2.2.14. How ever, fo r the flow on the bisectors, equation 2 .2 .19  m ust be used instead o f 
2.2.7 fo r the calculation o f  the induction factors. Also, since the bound circulation on the 
lifting lines and the direction o f  the vortex sheets are know n, the calculation o f  uFi b and 
y \ b  is a straightforw ard one, and  no iteration is necessary.
c) R ear to front rotor interference. For estim ating  this type o f interference, 
equation 10.1.8 is used. In that form ula, tw o parameters m ust be identified: <uRs>  and 
I(x,Ç). For calculating <uRi>, the induced velocity must be averaged  on both azim uth and 
radius. For the form er the sam e technique is used as that fo r the front to  rear rotor 
interference: T he axial induced velocity  is calculated on  tw o different azimuthal 
positions, ie on the lifting lines (uR4() and on the bisectors between them (u * ^ ) . Since 
these are considered to be the tw o extrem es o f  uRif the azim uthal average is:
<  u*(x) >
u*,(x) + u.*b(x) 
2 ( 10.2.2)
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Averaging on radius is not as straightforward, because the points along  the blade where 
the induced velocity is known are not equidistant with respect to radius. Thus, for two 
consecutive points x„ and xn_i with u ^ x ,,)  and uRi(xn.,)  respectively, the mean induced 
velocity is {uRi(xn)+uRi(xn_ j ) }/2. In order to take the average o f uR, from  n=l to n=N, 
each o f  the above mentioned m eans can be w eighed by the length o f  the interval [x^x,,.,] 
and the overall average becomes:
(10.2.3)
In the above formula, the denom inator is: xN - Xj ■ l -x h. (xh is the 
dim ensionless hub radius). Since in equation 10.2.3 uRi(xtl)* (u Rm(xn)+ uRj b(*n-i))/2. we 
get by substituting equation 10.2.2 inequation 10.2.3:
<  u >  =
Z  <V - V l>  { " f i w  *  +  US<V ,) + - > „ , ) }
r r r n g (10.2.4)
Finally, the value o f  I(x,Q was calculated using S im pson's numerical 
integration with 301 intervals.
d) O uter iteration convergence. The following criterion is used for judging 
the outer iteration convergence IU2i - U21f0ldl /  •U2| j iewl < 0.0001. U 2i is actually a 
distribution o f velocities along the rotor radius and  thus all values o f  U 2i tnew and U2l oM 
are com pared one by one.
e) Root finding algorithm. For find ing  the values o f  Xj fo r which c , . -  
Cq2, a root finding technique is used, as mentioned above. It calculates the values o f Cqi 
and Cq2 a t different X2 interpolating from the know n values o f the torque coefficients 
given as input. Then, using the bisection method it predicts the equal torque point. The
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accuracy o f  that prediction depends on the input data. The closer they are to the root, the 
better the accuracy. Successive approximations to the solution with subsequertt updating 
o f  the input data was found necessary. Usually, after two repetitions the equal torque 
point was estim ated with sufficient accuracy (ie four significant digits).
10.3. PRESENTATION OF RESULTS.
In the following, the results obtained from the design procedure described 
above are presented and discussed.
10.3.1. Definition of parameters.
Several parameters are involved in the design o f  the counter-rotating 
turbine blades. Some o f  them were chosen to be fixed during the design procedure w hile 
others were allowed to  vary, for assessing their effects. The param eters involved are:
ai Blade chord distribution. This was chosen after consultation with the 
counter-rotating turbine manufacturer. L inear taper (without waisting) o f  the blade was 
chosen fo r ease o f  m anufacture and simplicity. T he blade how ever is quite slender. T he 
chord to radius ratio  (c/R) o f the blade is 0.0945 at the hub and 0.0182 at the tip. H ence 
the blade taper ratio  is about 5:1. Both rotors (front and rear) have the sam e chord  
distribution. The chord distribution used in the design procedure is slightly different from 
the real one. As shown in figure 10.9, the blade chord becomes zero at the tip and hub. 
H ence, the real blade chord distribution is followed from x£0.25 to x£0.95. At the tip  and 
hub region, the blade chord drops to zero. This modification to the real blade shape was 
necessary in order to satisfy the boundary conditions o f the problem (ie zeroing o f  the 
bound circulation at the tip and hub). The blade chord transition to  zero has to  be
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continuous, so that the bound circulation can be expanded in a fourier series. This 
modification is not expected to  have any significant influence on the resu lts since both tip 
and hub regions contribute a negligible amount to the turbine power.
b) Radii o f rotors. Both rotors have the same radius w hich is R=2.75m. 
Their hub radius is Rh=0.55m. Hence R|,/R=0.2.
c) Aerofoil chosen. The aerofoil to  be used was specified by the 
manufacturer. It is the SD 7037-PT section designed  for gliders. Its characteristics are 
given in reference [107]. T he SD7037-PT optim um  angle o f  attack is a opt=5.74°, with 
CL( a opc)=0.786. (A s both a opl and C L(a opl) w ere found to  vary slightly with Re, the 
above mentioned values are the averages for a range o f  Reynolds num bers from 60000 to 
300000). In order to incorporate Reynolds num ber effects into the blade design, the 
values o f  Cp(otopc) were chosen in accordance w ith the local Re value (at each blade 
element) by interpolating from a C D(Re) database incorporated in the fortran code. The 
undisturbed wind velocity (V „ ) needed for the calculation o f Re was taken to  be equal to 
10 m/sec.
d) Num ber o f  blades. The front ro to r was chosen to  be a 3-bladed one. The 
front rotor num ber o f  blades (B ]) was chosen to be a constant param eter in order to obtain 
the high tip speed ratios required  for direct connection to a generator and  because near 
wake decay data were available for 3-bladed turbines only. (See ref. [89]). The rear rotor 
num ber o f blades varied from 4 to  7 although the 5-bladed configuration was investigated 
in more detail.
e) O ther param eters. The tip speed ra tio  values o f  both front and rear rotors 
(X.j and Xj respectively) and the axial distance betw een rotors were used as variables and 
their effects w ere investigated.
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10.3.2. Three front-five rear rotor blade configuration.
T he counter-rotating turbine configuration with three blades at the front 
rotor and five at the rear was investigated first.
a) Behaviour of equal torque solutions. As w as explained before, a 
systematic search was carried out in order to establish the values o f  X, and X2 f°r which 
the torque coefficients o f the two rotors w ere equal. It was found that for a given value of 
Xj, two solutions for equal torque could be obtained. One (to be ca lled  solution "A") for a 
low value o f X2 and another (to be called solution "B") for a h igher X* In figure 10.10 (a 
to  d), plots are show n o f CqifX^ and C ^C X ^ for different values o f  Xj ranging from 5.0 
(lO.lO.a) to 5.5 (lO .lO .d) and for the sam e axial distance between rotors £=0.2. Note that 
in these plots, points lying on the same curve represent different ro tor designs, with the 
same number o f blades and chord distribution, but different tw ist angle distributions. It is 
evident from these figures that with X2 increasing, Cq2 increases initially and then drops 
exhibiting a m aximum. On the other hand, Cqi is decreasing gradually. This is caused by 
the increase o f  the rear to front rotor interference with X2 increasing. (In equation 10.1.8, 
<uRj> increases while I(x,£) is constant). In these plots, solution "A" appears at the point 
where the tw o curves m eet, at the left o f  the Cq2 crest, while solution "B" is at the right o f 
the crest. Progression from figure 10.10 a to  10.10 d , (ie increase o f  Xi), reveals that the 
tw o solutions approach until they m eet (see figure 10.10 c) as with Xj increasing, the 
power in the front rotor wake decreases (as more is absorbed by that rotor) and hence the 
rear rotor torque (and power) decreases. Further increase o f Xj m akes it impossible for 
equal torque solutions to  be found, as the rear rotor torque is less than that of the front 
one. (See figure 10.10 d). The equal torque solutions are quite sensitive to X(, as can be 
seen from fig. 10.10. This is due to the fact that Cq2 has a ra ther flat crest and the 
intersection points o f  the two curves vary considerably within a sm all range o f Xt . Since
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fo r each value o f A  ^ two equal torque solutions can be found, the solution that produces 
the largest total power coefficient (ie Cpiiot=Cp1+Cp2) m ust ^  chosen. In figure 10.11, 
Cp t0, is plotted against A.j fo r both solutions and for an axial distance between the two 
rotors £=0.2. It is evident that solution "B" produces more C p Wl. This can be explained as 
follows: For each rotor, C p i2=Cq l2  A.12- Cql and Cq2 o f  solution "A" are larger than those 
o f  "B", while A  ^ solution "B" is larger than that o f  "A". (This can be observed in fig. 
10.10). Apparently, in solution ”B", the increase o f  A^>s enough to overcom e the drop o f 
Cq2 and thus the value o f Cp2 (=C q2 A^) is larger than that o f  solution "A". Also, the slight 
decrease o f Cpi is not enough to cancel out the benefit o f  the larger Cp2 (for solution "B”). 
As can be seen from figure 10.11, the maximum o f  Cplo, occurs at A.j=5.285, at which the 
tw o solutions collapse into one. T his happens because at this case, the tw o rotors are very 
close to each other (£=0.2) and the rear to front rotor interference gets its largest value, as 
will be seen later. Thus for m axim izing Cp lol, the front ro tor m ust operate at the largest 
possible tip speed ratio, w hile the rear one must operate at the lowest possible A  ^ (of 
solution "B"). This condition m inim izes the rear to front ro tor interference and is realised 
at A,!=5.285 as can be observed from figures 10.10 a to d. However, this solution is 
unstable. It is quite possible that small imperfections in the blade construction may cause 
the rear rotor to produce less torque (or the front to produce m ore). If that happens, no 
equal torque, solution will ex ist fo r the design values o f  A., and A.2, and the system will 
com e to equilibrium at an off-design condition. H ence, if  that axial distance is chosen for 
the counter-rotating turbine rotors, (ie £=0.2), a stable design point m ust be chosen, at a 
sm aller value o f A.,. This problem  occurs only at £=0.2. At larger distances between 
rotors, the rear to front rotor interference is not so large and the Cplot maximum occurs at 
values o f  X] lower than these fo r which the instability occurs. This can be seen in figure 
10.12 where a plot o f Cp lo[(A.]) is  shown for solution "B" and for a large axial distance 
between rotors (£=2). It is evident from figure 10.12 that the m axim um  o f Cptt,, for £=2 is
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realised at a Xj value low er than 5.02, fo r which solutions "A" and "B" collapse into one.
From the above discussion, it was made clear that for each axial distance 
between rotors, a unique combination o f  operating conditions for the front and rear 
counter-rotating turbine rotors can be found (ie a pair o f  X, and Xj) fo r which both rotors 
produce the same torque and Cp>tt>l is maximum. Hereafter, Cpilol, X, and Xj will denote 
the total power coefficient and the front and rear rotor tip speed ratios respectively for 
which the above m entioned situation arises.
b) Influence o f axial distance between rotors. The effect o f  axial spacing 
between the counter-rotating turbine rotors will be investigated next. In figure 10.13, a 
plot o f C p^i (as defined above) versus 5 (ie dimensionless axial distance between rotors) 
is shown. Cpilol increases with 5 increasing until a m aximum is achieved (C p ^ ,, , , , )  at 
5=1.4. An increase o f  CploJ o f  about 7.4%  can be observed between 5=0-2 and 5=1-4. 
This can be explained by a closer look at the flow characteristics o f the rotor system. In 
figures 10.14 a and b, the front to rear rotor interference velocity components' 
distributions with radius are shown for various values o f  5- From figure 10.14.a it is 
evident that the axial com ponent o f  that interference velocity (U i2) increases steadily 
with increasing 5- U i2 exhibits a rapid increase near the rotor tips for all values o f  5- This 
is caused by the strong tip vortex o f the front rotor which induces large velocities at that 
region. At x=0.5, the variation o f  U j2 between 5=0.2 and 5=2-0 is about 16.7%. The 
effect o f U j2 on the rear ro tor is to reduce its incoming flow velocity. Thus, with all other 
parameters being constant, the further downstream the rear rotor is, the lower the pow er 
in the wind attacking it. Figure 10.14 b shows the tangential front to rear ro tor 
interference velocity (V 12). Compared to U 12, V 12 is negligible (less than 1/5 as m uch) 
and it doesn't vary m uch with 5- This com ponent is added to the rear ro tor incoming flow. 
It is effectively the front ro tor wake swirl. The low value o f V )2 is due to  the low blade 
num ber o f the front rotor. Indeed, a m ulti-bladed rotor would create a m uch stronger swirl
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in its wake.
In figure 10.15, the rear to front rotor interference velocity (U2i) 
distribution for various £ is shown. U2i decreases dramatically with increasing £ and its 
shape changes. A t low  £, it is pronounced close to the hub and decays towards the tip, 
while for large £ it tends to become uniform. It remains lower than U 12 for all values o f  £ 
and x. A t x=0.5, the variation o f U21 between £=0.2 and £=2 is about 84.5%. T his large 
drop o f U2i with £  can explain the behaviour o f Cptlol. W ith increasing axial distance 
between rotors, U21 drops rapidly, so that the blockage caused on the front ro to r by the 
rear one decreases allowing the form er to perform better and as will be seen later, to 
operate at lower tip  speed ratios. The reduction o f the front ro tor tip speed ra tio  (Xj), 
leaves more power in  its wake and thus the rear rotor can also operate better. T he increase 
o f the wake decay (ie  the increase o f  U J2) with increasing £ is less abrupt than that o f  U 2J 
and does not create negative effects up to £=1.4. Therefore, the total power produced by 
the two rotors increases. Beyond £=1.4 however, U2] is very low and doesn't change 
considerably with £. Hence, in that region, the increase o f  U J2 is dominant and th is causes 
Cpilot to drop. T he effects o f U2J are also evident in the incoming flow velocities o f  the 
front and rear rotors as can be seen in figures 10.16 a and b respectively. In both plots the 
incoming velocities increase with £ increasing. In figure 10.16 a, the increase o f  the 
incoming velocities close to the hub is caused by the suction created in that region by the
turbine centrebody.
In the following table, the most important characteristics o f the rotors'
performance at various values o f  £ are shown: 
T A BLE l
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From this tabic can  be seen that with £ increasing, decreases, increases, Cpl 
increases until £«1 .0  is reached and then drops, while Cp2 increases up to £=1.4 and then, 
at £=2.0 it is sligh tly  reduced. The combination o f  Cpl and Cp2 g ives C p tot the shape 
shown in figure 10.13. The power sharing ratio (Cpi/Cp2) decreases with £  increasing and 
the contribution o f  each rotor to the total power becomes nearly equal. A t £=1.4, for 
which Cpiloumax is ach ieved , the total tip speed ratio  gets its m axim um  value,
namely 9.94. k,,,, is  im portant, as that is the "effective" tip speed ratio  the counter-rotating 
turbine generator w ill sense. It corresponds to a relative rotational speed o f  345 rpm  fo r a 
value o f V „ equal to  10 m/sec. The target set by the m anufacturer is 10, thus that 
obtained by the p resent design is just 0.6%  short.
The tw ist angle distributions o f  each rotor for various values o f  £ are 
shown in figures 10.17 a and b. It is evident that both rotors require strongly twisted 
blades. The am ount o f  hub to tip twist is about 35° to 40° for both rotors. T he increase o f 
the front rotor tw ist angle values (P ,) with £ increasing is caused by the increase in the 
incoming velocity and  the drop o f Xj w hich in turn causes the axial com ponent o f  the 
relative velocity a t each blade elem ent to increase. The rear ro tor tw ist angles (P j) 
decrease with £ increasing, but less than Pj increases, since X2 increases but its effec t is 
opposed by the increase o f the rear rotor incom ing velocity.
10.3.3. Effects of changing the rear rotor blades.
The resu lts presented so far are all pertinent to the 3 front-5 rear rotor 
blade configuration. In the following, another investigation is  presented done for 
assessing the effect o f  varying B2. Several different rotor configurations w ere tested, with 
B2 ranging from 4  to  7. For each configuration, the same procedure as that described in 
the previous sec tions was followed, ie, the equal torque solutions w ere also  identified and
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the set o f  X] and X2 were chosen so that CpUM would be m axim um . T he effects o f axial 
distance betw een rotors were also investigated, but the search was lim ited to  values o f  £ 
around 1.4, since the experience gained from the previous w ork suggested that Cp.WM„  
was m ore likely to be found in that region. The results are show n in the follow ing table:
TABLE 2
*2 », c « c , ~
4 1.4 4.750 5.412 10.162 0.2241 0.2553 0.4794 0.878
5 1.4 5.100 4.842 9.924 0.2544 0.2415 0.4959 1.053
6 1.3 5.420 4.325 9.745 0.2831 0.2259 0.5090 1.253
7 1 J 5.660 3.946 9.624 0.3057 0.2141 0.5198 1.428
In the above table, ^ p ,  is the value o f £ for w hich CPtWt is m aximised. It is 
evident from table 2, that with B2 increasing, CPilol, Xj, Cpj and the pow er sharing ratio 
increase, w hile Xj, Cp2 and (^p, decrease. These effects can be explained as follows: An 
increase o f  B2 allows the rear rotor to produce more torque. H ence, in order to  equal this
torque, the front rotor m ust operate at a higher tip speed ratio  and as a result, its 
efficiency increases. Hence, due to the increase o f X1( less pow er is left for the rear rotor 
which produces less Cp2. However, the Cpj increase overcom es the drop o f  Cp2. Also, 
since Xj decreases, the rear to  front rotor interference decreases and the two rotors can be 
situated closer to  each other, w ithout unduly increasing the rear ro tor blockage. Titus, ^ p , 
is reduced w ith B2 increasing. The effect o f using a m ultibladed rear ro tor is to create
more torque so that the front rotor can operate more efficiently. As can be seen from table 
2 , with B2 increasing, the power sharing ratio rises. The Cpujl gain between B2=5 and 
B2=7 is 4.6%  while the X^, reduction is 3%.
T he performance o f the counter-rotating turbines o f  table 2 can be 
com pared with that o f the conventional turbines designed in chapter 3. T he comparison
results can only be regarded as approximate, since the counter-rotating turbines and the
conventional ones have different aerofoil sections and blade chord distributions. 
How ever, from  figures 3.13 and 10.9 it can be seen that the chord distribution o f the
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counter-rotating turbine blades resembles more closely the chord d istribu tion  with cmax/R 
=0.1 and E =  1.0 used for the conventional turbines' design. T he perform ance results for 
this family o f turbines are shown in table 1 o f  chapter 3, which appears in page S3.
From that table, and also from table 2 o f  the present chapter, it can be seen 
that the 3-bladed turbine with cmax/R = 0.1 and E = 1.0 produces 1.4 tim es the Cp o f the 
front rotor o f the counter-rotating turbine configuration with 3 front-6 rear rotor blades, 
and operates at a tip speed ratio  1.2 times as large. The reduced C p o f  the front counter­
rotating turbine rotor is due to  the rear rotor interference. Also, the 6-bladed turbine with 
cmax/R = 0.1 and E =  1.0 produces 2.1 times the Cp o f the rear rotor o f  the counter­
rotating turbine configuration with 3 front-6 rear rotor blades, w hile it operates at a dp 
speed ratio 1.2 times as large. The reduced performance o f  the rear counter-rotadng 
turbine can be attributed to the reduced wind power within the front ro tor wake.
The equal torque condition causes both counter-rotating turbine rotors to 
operate at tip speed ratios low er than those for which the m axim um  pow er coefficient (for 
each rotor) is achieved and hence, both rotors operate at low er X than their conventional 
counterpans.
Finally, comparison o f the C ^ ,  and X^, o f the 3 front-7 rear counter­
rotating turbine configuration with the performance characteristics o f  the 10-bladed 
turbine with cmax/R = 0.1 and E = 1.0 reveals that the counter-rotating turbine produces a 
slightly higher Cp Oust 0.3 m ore) than its conventional counterpan . How ever, the X^, o f 
the counter-rotating turbine is 2.4 times as much as the Xop, o f  the conventional turbine. 
This last result shows that the advantage o f a counter-rotating turbine over a conventional 
one with the same total num ber o f blades is the the significant increase in the tip speed 
ratio o f  the former, rather than a  considerable improvement in perform ance.
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10.3.4. Possible improvements of the counter-rotating turbine design.
The present counter-rotating tu rb in e  design (ie the T rim ble mill) consists 
o f  a 3-bladed front rotor and a 5-bladed rear one . T hey  are situated at an axial distance o f
0.2R . T he system's power coefficient is: C p tol= 0 .3 6  and its X,,,, is 4 .72. This study has 
revealed what alterations are necessary for im prov ing  the system 's perform ance and has 
also  quantified the possible improvements. T h ere  are three major areas w here change o f 
the present design may be beneficial:
a) Redesign o f blades. By ch a n g in g  the blade chord and  twist angle 
distributions to those resulting from this study , an  increase in Cplo, equa l to 21.3% is 
expected. This is the most drastic change to  the present design that will improve 
significantly the system's performance. Also, by using  narrower blades than  those o f the 
original design (whose taper ratio is roughly 3 :1), the value o f X ^ i s  doub led  (see table 1, 
fo r £ ■ 0.2). This will make direct connection to  th e  generator easier.
b) Increase of axial distance betw een rotors. By increasing the axial 
distance between rotors from its present value ( ie  0.2R) to 1.4R, a further increase o f 
C p ^ i equal to 7.4%  is possible. However o ther facto rs must be taken in to  account, such 
as the feasibility and cost o f  increasing the d is ta n ce  between rotors as w ell as structural 
problem s that may arise.
c) Increase o f rear rotor num ber o f  blades. Increase o f  B 2 from 5 to 7 
im proves Cpilol by another 4.6%. However, the 3 %  reduction in the generator's rpm may 
reduce the overall efficiency o f  the system. A lso  the extra cost o f  the additional blades 
m ust be considered. A further increase o f B2 b ey o n d  7 is not expected to  improve things, 
since the reduction o f X^, m ay make direct connection  o f  the rotors to  the generator 
im possible.
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10.4. CONCLUSIONS.
The m ost important conclusions draw n from this study are:
1. A semi-empirical method was used fo r  estim ating the front to  rear counter­
rotating turbine rotor interference: A n  azimuthal average o f  the axial and 
tangential induced velocities on the fro n t rotor disc w as calculated first. 
Then, the axial induced velocity was p ro jec ted  downstream  o f  the front rotor 
disc (on the rear rotor disc) using the experim ental results o f  reference [89]. 
T he flow resulting from that model w a s  then used for designing  the rear 
rotor blades.
2. The rear to front counter-rotating tu rb in e  rotor interference w as modelled by 
representing the rear rotor as an ac tu a to r disc. This model is sim ple and easy 
to use and it produces results which co m p a re  favourably w ith experimental 
data. This method was used in the d esig n  o f  the counter-rotating turbine 
rotor blades.
3. Proper design o f  the counter-ro ta ting  turbine blades can  increase the 
turbine's performance by 21%  above i ts  present value. Increase o f the axial 
distance between rotors from 0.2R  to  1.4R , brings about an o th er increase o f 
performance equal to 7.4% , while increase  o f the rear ro to r number o f 
blades from 5 to 7, further improves th e  system 's perform ance by 4.6%. The 
former alteration can be im m ediately im plemented, as its results will be 
beneficial. For the other two changes how ever, additional factors must be 
taken into account, such as feasibility a n d  cost as well as structural issues in 
order to make sure that they are worth im plementing. For the last 
modification, special attention m ust b e  given  to potential problem s with the 
generator matching.
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Figure 10.1. Axial induced  velocity  distributions along the lifting lines (— ) and the 
bisectors between them (— ), fo r a 3-bladed turbine operating at A.=8.75. Turbine blade 
chord is g iven by: c(x)/R=0.0025 sin ^ /x 1-5. cmax/R=0.1.
Figure 10.2. Tangential induced  velocity distributions along the lifting lines (— ) and the 
bisectors between them  (— ), fo r a 3-bladed turbine operating at X=8.75. Turbine blade 
chord is given  by: c(x)/R =0.0025 sin ^ /x 1-5. c max/R=0.1.
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Figure 10.3. A xial induced velocity  distributions along the lifting lines (— ) and the 
bisectors between them (— ), fo r a 10-bladed turbine operating at X=5. Turbine blade 
chord is given by: c(x)/R  =0.0025 sin<J>/x*-s. cmax/R=0.1.
Figure 10.4. Tangential induced velocity distributions along the lifting lines (— ) and the 
bisectors between them  (— ), fo r a 10-bladed turbine operating at X=5. Turbine blade 
chord  is given by: c(x)/R=0.0025 s in ^ /x 1-5. c max/R=0.1.
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Vortex C ylinder
Figure 10.5. V ortex cylinder model used fo r estimating the rear to front rotor 
interference.
Figure. 10.6. I(x,£) distribution for £=1.0.
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Figure 10.7. Comparison o f  predictions about the vortex cylinder induced flow with 
experim ental results taken from [89], Vortex cy linder radius: £=0.83R. 
Sym bols: z=R/6. ”o", z=R/4.
Figure 10.8. Flow chart of the procedure used for the counter rotating turbine design.
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Figure 10.9. C ounter rotating turbine blade chord used in the design procedure.
From rotor: "o". Rear rotor: '**.
Figure 10. lO.a. Cq, (X.2) and Cq2 (X2) plots for \ ,= 5 .0  and £=0.2
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Front rotor: "o". Rear rotor :
Figure lO.lO.b. Cql (Xj) and C ,2 (Xj) plols fo r> ,= 5 .2 5  and ;= 0 .2
Rear rotor rip speed ratio
Figure 10.10.C. Cql (X2) and Cq2 (X2) plots for X,=5.285 and £=0.2
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Figure lO.lO.d. Cq, (X2) and Cq2 (X^) plots for X,=5.5 and Ç=0.2
Figure 10.11. Cplol (X,) plots of solutions "A" and "B" for Ç=0.2
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Figure 10.12. C p U), (X,) plots o f  solution"B" fo r £=2.0.
Zeta (z/R)
Figure 1 0 .1 3 .0 ^ (0  plot.
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Figure 10.12. C p ^ O .,)  plots o f  solution 'B" for (¡*2.0.
Figune 10 .13 .C ^,„(0p lM .
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Figure 10.14.a. U ,2/V .. plots fo r various values o f  Ç.
Figure 10.14.b. Vl2/V „ plots for various values o f Ç.
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Figure 10.15. U2i/V00 plots fo r various values o f £.
Figure 10.16.a. Uj/VM plots for various values of
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Rear i ■ incoming velocilies.
Figure 10.16.b. U2/V „  plots for various nalues of
Figure 10.17.a. ß t(x) plots for various nalues of £.
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* (r/Rl
Figure 10.17-b. ß2(x) plots for various nalues o f  Ç.
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CHAPTER 11.
CONCL USIONS-COMMENTS-AREAS 
OF FURTHER RESEARCH.
CHAPTER 11. CONCLUSIONS-COMMENTS-AREAS OF 
FURTHER RESEARCH.
11.0. INTRODUCTION.
In the following, the main conclusions o f  p an  C  are presented, the 
accuracy o f  the counter-rotating turbine m odelling is com m ented  on, and possible areas 
o f  fu rthe r research are proposed.
11.1. CONCLUSIONS OF PART C.
11.1.1. Wind turbine near wake structure. According to the 
findings o f  the experim ental investigation o f  [89J, the flow  around a three-bladed wind 
turbine is as follows: Upstream o f the turbine, a reduction  in the incoming flow  is 
observed, caused by the turbine blockage. The velocity decreases with decreasing axial 
distance from the turbine. For the same axial distance, the velocity drop is more 
pronounced at the hub region, while it becomes nearly ze ro  at the blade tips. For axial 
distances as low as D/12, the turbulence levels were fo u n d  to be less than 2.5%. 
D ow nstream  o f  the turbine, and within its near wake, th e  axial velocity component 
exhib its a  large drop in the immediate vicinity o f the tu rb ine  (ie from D/60 to D/10 
dow nstream ). For axial distances larger than D/10, the ax ia l velocity decreases less 
rapidly, and in a linear fashion. This trend appears to be independent o f radius, as the 
initial velocity profile at the immediate vicinity o f  the turb ine seems to be retained 
further dow nstream . The turbulence levels (at m idspan) are quite high just downstream
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o f  the turbine (ie at D/60). However, they drop  dramatically from about 12% to 5% 
between D/60 and D/10, revealing the thorough m ixing o f  the flow  that takes place in 
that region. Further dow nstream , the turbulence d ies-out and gets values similar to those 
upstream  o f the turbine. Tw o peaks o f  tu rbulence were observed at the tip and hub 
regions, associated w ith the tip vortices. F inally , the wake expansion was found to be 
equal to about 5%  betw een D/60 and D/2.
11.1.2. Previous research In the field. M odels for the interaction of 
tw o counter-rotating ro tors have been deve loped  in the past. O f these models, the ones 
concerning propellers assume that the axial d istance between rotors is zero, and this 
param eter is im portant in the case o f a counter-ro ta ting  turbine, they cannot be used for 
the turbine design. M ost o f the m odels dev e lo p ed  for the analysis o f  counter-rotating 
helicopter rotors have the axial distance betw een rotors as a param eter, but are strongly 
dependent on experim ental information about the wake characteristics. Empirical 
know ledge o f  the w ake decay is im portant, as the m ethods used for its prediction are 
based on potential flow  theory and do not include viscous effects. In all models presented 
(both fo r propellers and helicopter rotors), the interaction one ro tor causes to the other is 
added  to the latter's incom ing flow.
11.1.3. Modelling of the rotors' interaction. The implications of 
the above findings to  the design o f the coun ter-ro ta ting  turbine rotors are:
Front rotor. The front ro tor is  expected  to experience a reduction o f the 
incom ing flow velocity caused by the rear ro to r blockage. However, the flow attacking 
the front rotor can be regarded as steady. F o r predicting the rear to front rotor 
interference, a m ethod sim ilar to that p resented  in [ 105] can be used, derived from 
actuator disc theory. T he rear rotor was substitu ted  by an actuator disc and the blockage 
it causes on the front ro tor disc was thus estim ated . T his model is simple and easy to use
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and it produces results which com pare favourably with experimental data. This method 
was used in the design o f the counter-rotating turbine rotor blades.
R ear rotor. The rear rotor m ust be placed at an axial distance o f at least 
D /10 downstream  o f  the front one, for reducing flow turbulence to acceptable levels. For 
modelling the incom ing flow to the rear ro tor, (which is the flow within the front rotor 
near wake), the initial velocity distribution just downstream o f the rotor must be 
modified in order to  take account o f the w ake decay. As in the case o f helicopters, the 
experim ental data o f [89) can be used fo r developing a semi-empirical model: The 
azimuthal average o f  the axial and tangential induced velocities on the front rotor disc 
was calculated first. Then, the axial induced velocity was projected downstream o f the 
front ro tor disc (on the rear rotor disc) using the experimental results o f  reference [89]. 
The flow resulting from that model was then used for designing the rear rotor blades.
11.1.4. Turbine design results. Proper design o f the counter-rotating 
turbine blades can increase the system 's perform ance by 21%  above its present value. 
Increase o f the axial distance between rotors from  0.2R to 1.4R (for which a maximum o f 
the turbine's pow er coefficient was observed) brings about another increase of 
perform ance equal to 7.4%. Increase o f  the rear rotor num ber o f blades from 5 to 7 
further im proves the system's perform ance by 4.6%. The first alteration can be 
immediately implemented, as its results w ill be beneficial. For the other two changes 
however, additional factors must be taken in to  account, such as feasibility and cost as 
well as structural issues in order to make sure that they are worth implementing. For the 
last m odification, special attention must be given to potential problems with the 
generator matching.
11.1.5. Comparison with other turbines. Approximate comparisons 
o f  the counter-rotating turbine perform ance with that o f similar conventional wind
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turbines (designed in chapter 3) were performed. Each counter-rotating turbine ro to r w as 
com pared to a conventional turbine with similar blade chord distribution and the sam e 
num ber o f blades. It was found that both the front and the rear counter-rotating turb ine 
rotors produced less pow er coefficient than their counterpans and operated at low er 
values o f tip speed ratio. T he reduced  performance o f  each counter-rotating turbine ro to r 
can be attributed to the o ther ro to r interference. Also, comparison o f the and  X ^  o f  
the counter-rotating turbine w ith the performance characteristics o f  a conventional 
turbine with the same total num ber o f  blades has shown that the counter-rotating turb ine 
produces about the same Cp as its conventional counterpart. However, the X^, o f  the 
counter-rotating turbine w as found to be considerably larger than the Xopl o f  the 
conventional turbine. This last result shows that the advantage o f a counter-rotating 
turbine over a conventional one with the same total num ber o f blades is the the 
significant increase in the tip  speed ratio o f the former, rather than a considerable 
im provem ent in performance.
11.2. COMMENTS ON THE ACCURACY OF THE COUNTER-ROTATING 
TURBINE DESIGN.
The accuracy o f  the counter-rotating turbine design depends on  the 
validity o f a series o f sim plifying assumptions. These assumptions and the effects they  
m ay have are described below:
11.2.1. Front to roar rotor interference. For estimating the fro n t to 
rear rotor interference, the initial incoming velocity distribution on the front ro to r d isc 
was estim ated and it was then projected downstream o f  the rotor using the experim ental 
data o f [89], in order to take into account the wake decay. The method used  for 
estim ating the initial induced velocity  distribution is expected to be accurate. T h is  is
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backed by the find ings o f  Voutsinas, [90], w ho used a sim ilar m ethod fo r  estim ating the 
induced velocity  distribution just dow nstream  o f a turbine and com pared  it with the 
experim ental re su lts  o f  [89], obtaining good agreement.
T h e  assumption that the induced velocity shape d o es  not change 
significantly up to  tw o diameters dow nstream  o f  the front rotor disc is  expected to be a 
reasonable one, a s  it  is backed by the results o f  [89], as well as by observations o f wakes 
generated by o th e r simpler bodies (such as cylinders, spheres, etc) w here self-sim ilar 
velocity d istribu tions occur within the wake.
F o r estim ating the increase o f the induced velocity magnitude with 
increasing d is tance  from the front rotor, the experimental results o f  [89] were used, 
assum ing they are typical o f a w ind turbine. The accuracy o f  this assum ption  is subject to 
the dependence o f  the wake decay on the turbine characteristics. Unfortunately, a 
com prehensive investigation into the effects o f  the wind turbine characteristics on wake 
decay is lacking. How ever, in order to m inim ise the possibility o f e rro r, the num ber o f  
blades o f  the fron t counter-rotating turbine ro tor was taken to be equal to  3, ie the same 
as that o f  the tu rb ine tested in [89].
F ina lly , in the model used, the wake expansion was neglected. This is 
ju stified  as, fo r the turbine tested in [89], the wake was found to have expanded by just 
5 %  one ro tor ra d iu s  downstream o f  the turbine.
1 1 .2 .2 .  Rear to front rotor interference. For estim ating  the rear to  
front rotor in terference, the rear rotor was substituted by an actuator d isc . This is justified 
by the results o f  [16] and [105] in which actuator disc m odels have been used 
successfully, as w ell as by the com parison o f  the predictions o f th is model with the 
experim ental re su lts  o f  [89]. (See figure 10.7).
1 1 .2 .3 .  Assumptions pertinent to both rotors. T he assumption
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that the interference the front ro tor creates to the rear (and v ic e  versa) can be added to  the 
incom ing flow o f the latter is backed by the research w o rk  done for counter-rotating 
p ropellers and helicopter rotors. The assumption that the incom ing  flow to each ro to r is 
steady  is also backed by the experimental results o f [89]. (S ee  figure 9.4).
Thus the existing knowledge o f wind turbine wakes and counter-rotating 
ro to r aerodynam ics has been used for developing as accurate an d  realistic a design model 
fo r counter-rotating turbine blades as possible. This model tak e s  into account most o f  the 
im portan t phenomena in counter-rotating turbine aerodynam ics, such as interaction 
betw een rotors, effects o f axial distance between rotors and tu rb ine wake decay.
11.3. AREAS OF FURTHER RESEARCH.
A great deal o f  research work still re m a in s  to be done for further 
developing  the counter-rotating turbine concept. Some possib le  areas o f further research 
are highlighted here:
11.3.1. Testing of a counter-rotating turbine prototype. This 
w ould be necessary in order to verify the theory as well a s  to provide guidelines for 
im proving the present design model. Construction o f a counter-ro ta ting  turbine prototype 
is not expected to be difficult, as some o f the infrastructure already exists (such as the 
generato r and turbine tower) and only the blades will need to  b e  constructed.
11.3.2. Prediction of the turbine off-design performance. In this 
study, the counter-rotating turbine performance was es tim ated  for optimum conditions 
only. In order to estimate the off-design performance o f the tu rb ine, the models used for 
conventional turbines (as well as that used for the vortex tu rb in e , chapter 4, section 4 .5) 
are not expected to be adequate. This is because for the c a se  o f the counter-rotating
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turbine, the Cp(X) and Cq(A.) characteristics o f  one rotor largely d epend  on the operating 
conditions o f the other. Thus, a m ultitude o f  combinations o f  ea ch  rotor's operating 
conditions is expected to exist that would g iv e  equal torque coeffic ien t for both rotors. 
(Note that the constraint o f optimum ang le  o f  attack throughout the blade used in the 
turbine design will not apply in this case). A  more appropriate m ethod would be to 
exam ine the dynam ic behaviour o f the tu rb ine . That would require m odelling not only o f 
the turbines and their interaction, but o f  th e  generator and load as w ell. By solving the 
differential equations o f that system, the b ehav iour o f the turbine in tim e can be obtained 
for certain initial conditions.
1 1 .3 .3 . Development of a power regulation strategy. The
counter-rotating turbine has the feature o f  self-orientation. For exam ple , when the turbine 
is at yaw , (possibly due to a sudden change o f  the wind direction), the front rotor (being 
an upwind one) will create a yaw ing m o m en t that will tend to fu rthe r increase the yaw 
angle. On the other hand, the rear rotor, (b e in g  a downwind one) w ill create a restoring 
moment. If the rear rotor moment is larger th a n  that o f the front o ne , the turbine will turn 
to face the wind. In the same way, fo r w indspeeds larger than the rated value, the 
operating conditions o f each rotor can be selec ted  (by adjusting the generator load) so 
that the front rotor will generate a larger y aw in g  moment than the re a r one, that will yaw 
the turbine to an appropriate angle. Thus th e  turbine will be self-regulated. For this to be 
achieved, an appropriate model o f the turb ine operation at yaw will have to be developed.
1 1 .3 .4 . Effects of using different rotor radii. In the present design 
model, the two counter-rotating turbine ro to rs  w ere assumed to have the same radius. An 
increase o f the rear rotor radius could in c re ase  the turbine perform ance as the outer pan  
o f the rear rotor blades would operate o u ts id e  the front rotor w ake taking advantage o f 
the the higher fluid energy in that region. H ow ever, adverse effects m ay also result from
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this m odification: A reg ion  o f  the rear rotor blades (inboard o f the tips) w ill m eet the 
front ro tor trailing vortices. T h e  interaction between the blades and the vortex m ay have 
adverse effects. Indeed, in  references [17] and [108], blade-vortex interactions were 
observed  for the case o f  h e lico p te r rotors in forw ard flight, where the advancing blade 
m et the trailing vortex g e n e ra te d  by the retreating blade. It was reported that the trailing 
vortex caused in some in s ta n ce s  local stall o f  the b lade, resulting to  loss o f  lift and 
increase o f vibration levels.
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CHAPTER 12. RESUMÉ.
12.0. INTRODUCTION.
T he m ost important achievem ents o f  this study and som e concluding 
rem arks are presented in this chapter.
12.1. ACHIEVEMENTS OF THIS STUDY.
12.1.1. Lifting line blade design procedure.
O ne important achievem ent o f  this work is the development and 
im plem entation o f  a procedure for the design o f  wind turbines operating in non-uniform, 
non-axial but axisymmetric flows. Based on lifting line theory, the blade design 
procedure is expected to be more accurate than those based on m om entum  theory. The 
p resen t design  m ethod was validated by designing conventional turbines and com paring 
them  w ith  sim ilar designs produced by m om entum  theory. It was found that both theories 
exh ib it sim ilar overall trends, although the lifting line procedure produces a more 
conservative estim ate o f  the turbine perform ance.
The above mentioned design procedure is a general one and can be used in 
applica tions w here momentum theory is not adequate.
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12.1.2. Delta wing-turbine system.
T he system dim ensions w ere com pared with those o f equivalent 
conventional turbines. It was found that the system com pares well with conventional 
turbines up to  rated power values equal to  100 kW . Its advantages were found to be the 
low er turbine d iam eter required for a given pow er output and  the opportunity it provides 
for direct connection o f the turbines to  generators. The cost o f  this advantage is the 
relatively large delta wing required.
A system prototype was designed  for testing. T he prototype turbine blades 
w ere designed  taking into account R eynolds num ber effects w hich were found to  be of 
great im portance at model scales. T he prototype o ff design perform ance was estim ated 
and it was found  that the sim plifying m odifications made to  the original blade design did 
not affect the turbine performance significantly.
The generator to  be used with the prototype turbine was bench-tested and 
its perform ance characteristics w ere identified. For m atching the generator with the 
turbine, an  appropriate load for the generator was found. The prototype long-term 
perform ance was also estimated.
Finally, the effects o f  yaw  on the delta wing vonices were investigated 
experim entally. This was done in order to determ ine the feasibility o f using the delta 
wing yaw  to  regulate the system pow er output. It was found that the above m entioned 
regulation technique can be used, provided that undue blade vibrations will not occur.
12.1.3. Counter-rotating turbine.
The above m entioned lifting line procedure as well as the existing
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knowledge o f wind turbine wakes and  counter-rotating rotor aerodynam ics were used fo r 
the design o f the counter-rotating tu rb in e  blades and the m odelling o f the tw o rotors' 
interaction.
It was demonstrated tha t proper design o f  the turbine blades and 
appropriate axial positioning o f the tw o  rotors could considerably increase the turbine 
perform ance, compared with the perform ance o f the Trim ble M ill.
It was also found that a  considerable increase o f  the generator effective 
rotational speed can be achieved by th e  counter-rotating turbine, com pared to that o f  a 
conventional turbine with the same n u m b er o f blades.
12.2. CONCLUDING REMARKS.
Neither the developm ent o f  the delta w ing-turbine system nor that o f  the 
counter-rotating turbine have been exhausted  by this study. As was pointed ou t in 
chapters 8 and 11, many areas o f both w ind  power system s' design  and operation are still 
open to  research. One important a sp e c t o f the work that rem ains to be done is  the 
construction and testing o f  prototypes. This will provide a  m eans for validating the 
turbine design m ethods used. It w ill a lso  be a starting point fo r assessing the system s' 
cost-effectiveness.
It is hoped that the w ork presented in this thesis has helped to highlight the 
m ost im portant characteristics o f the w ind power systems exam ined, and that it has 
dem onstrated their advantages and potential.
Chapter 12
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